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CAC BAI TOAN THEO CHU PE
TRONG PE LOP 10 CHUYEN NAM 2020

LOI NOI PAU

Nham dép tng nhu chu vé ciia gido vién todn THCS va hoc sinh vé cdc chuyén dé todn
THCS, website tailieumontoan.com gidi thiéu dén thiy co va cdc em cdc bai todn theo chu dé trong
deé 16p 10 chuyén nim 2020. Chiing toi dd kham khdo qua dé thi dé'lam chuyén dé vé nay nham ddp
wng nhu ciu vé tai ligu hay va cdp nhat dwoc cdc dang todn moi thwong dwegc ra trong cdc ki thi
I6p 10 gan ddy. Chuyén dé gom 9 chi dé:
e Ruit gon biéu thirc chira cin va tai todn lién quan
o Chitng minh bt ding thiec va tim cuc tri
e Phwong trinh
e H¢ Phwong trinh
e Ham s6’
o Cdc bai toan lgp phwong trinh, hé phwong trinh, todn thuc té’
o Chitng minh ding thitc va tinh gid tri biéu thic
e Cdc bai todn s6 hoc
o Cic bai todn t6 hop va logic
e Cidc bai toan hinh hoc
Cic vi phu huynh va cdc thidly cd day todn c6 thé'dung chuyén dé nay dé givip con em minh
hoc tdp. Hy vong chuyén dé cic bai todn phin theo chii dé nay cé thé’ giiip ich nhiéu cho hoc sinh
phadt huy ngi lyc gidi todn néi riéng va hoc todn néi chung.
Mc dii di c6 sw didu tw 16m vé thoi gian, tri tué song khong thé tranh khoi nhitng han ché,
sai sot. Mong dirgc sw gop y cua cdc thiy, cd gido va cdc em hoc!

Chiic cdc thidy, c6 gido va cic em hoc sinh thu dwoc két qua cao nhit tir chuyén dé nay!

Lién hé tai liéu word toan SPT va zalo: 039.373.2038 TAI LIEU TOAN HOC
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Muc Luc

Trang

Loi no6i dau

. Rut gon bi€u thitc va toan lién quan
. Bat dang thitc Min-Max
. Phuong trinh, hé phuong trinh

. Phuwong trinh bac 2 va hé thtc vi-et

1

2

3

4

5. Ham s6 - da thitc
6. Cac bai toan 1ap phwong trinh, hé phwong trinh, toan thyc t&
7. Chitng minh Déng thitc va tinh gi tri biéu thitc

8. Cac bai toan s6 hoc

9. T6 hop va Logic

10. Cac bai toan hinh hoc
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Chuyén dé

an bac hai va bai toan lien quan

Cau 1. (Truong chuyén tinh Bdc Giang nam 2020-2021)

3X+5x-1-14 +/x-1-2 Jx-1

X—3+VX—1 Jx-1-1 ~Jx—1+2

Cho biéu thac A= Vol X>1x#2

a) Rutgon A.

b) Tim tat ca cac giatri xdé A nhan gia tri 1a s6 nguyeén.
Loi gii

a) Rutgon A.

C3xX+5Yx-1-14 Jx-1-2  Jx-1
X=3+4x-1  x-1-1 +/x-1+2
_3x+5vx—1—14_x—l—4+(«x—1—DVx—1
X—3+~/x-1 (Wx-1-1)(H/x-1+2)
_3X+5yx-1-14 x-5+x-1-+x-1
X—3++/x-1 X=1++/x-1-2

_ 3X+5YXx-1-14++/x-1+6-2x

A

X—3++/x-1
_ X=8+6Vx-1
X—3++/x-1

Z\/(x—l)z +64/x-1-7
Jx=1)?% +x-1-2
(=17 +7Vx-1-Vx-1-7
Jx=1)2 +2/x-1-/x-1-2
_ IX=1(Wx=1+7) - (x-1+7)
Cx-1(Wx=1+2)- (x-1+2)
(W1 7)Wx-1-1)
C(Wx=1+2)(Wx-1-1)
CVx-1+7
_Jx—1+2
5

x=1+2

=1+
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b) Cé A =1+L
Xx-1+2
A nhan gid tri nguyén khi va chi khi: Lez
X-1+2

Cé O<L<E nén L—l hoac L—2
Ix=1+2 2 IX=1+2 ToUx=1+42

+)Néu: LR PN JXx-1+2=5
X—1+2

&AX=1=3

< x =10( théa man diéu kién)

+Néu: L=2<:>\/x—1+2:§
X-1+2 2

S X= %( thoa man diéu kién)
CAu 2. (Truong chuyén tinh Béc Ninh vong 2 nam 2020-2021)
IX+aIX—4 ++x—8x—4

=241

X2 x

Cho biéu thuc A=

. V6i gia tri ndo cia x thi biéu thac A

xac dinh. Rut gon A.
Loi gidi
Rt gon biéu thic A |

_\/x+4\/—4+\/x 4m

Taco: A= \/ biéu kién xac dinh: x> 4.

E_ﬁ 11

_\/(M+2)2+(M—2)2 Nx=a+2[x—3-2)

4 2 4_1‘

(3 :

Ix—4- 2>0<:>x>8:>‘\/—4 2‘ Jx—4-2
\/— 2<0<:>x<8:>‘\/— 2‘ \/7

Xét:

+) Voi 4<x<8 :A:ﬂ.

X—4
2XNX—4
x—4

HVéi x>8= A=

Cau 3. (Truong chuyén tinh Ca Mau nam 2020-2021)
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a) Tinh gia tr biéu thic: A= (5—IL)(5+IL)~(3-V5)’

(7 + R (V7
N

Loi gii

b) Rat gon biéu thuc: B =

(x>0;y>0)

a) Tinh gié tri biéu thac:
A:(S—\/ﬁ)(5+\/ﬁ)—(3—\/§)2
A=25-11-(9-6v5+5)
A=14-14+6+5

A=65

b) RUt gon biéu thuc:

(xﬁ+ Y\/;)(\/;—\/y)

T

I )
) T

B=x-y

Cau 4. (Truong chuyén tinh Dak Nong chuyén toan nam 2020-2021)
X 2x—/x
-1 x=x

a) Rat gon biéu thic P .
b) Tinh gia tri cia bidu thac P véi x =4+ 24/3.
Loi giai

Cho biéu thirc P = voi x>0 va x=1.

a) Rat gon biéu thic P .
DKXD: x>0 va x=1

X _2x—\/§
Ix-1 x—+/x
2
X _&(2\/;—1)_)(_2\/;_,_1_(\/;—1) _\/;_1
B G (o) (o
b) Tinh gia tri ctia bidu thac P véi x =4+ 24/3.
Thay x =4+ 23 = (+/3+1)% vao biéu thac P =/x -1, ta co:

P=(3+1)?-1=+/3+1-1=+/3

Cau 5. (Truong chuyén tinh Ha Giang vong 2 nam 2020-2021)

P
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x* —4x-80 1 1
16 Jx+2 Jx—2°
a) Tim diéu kién cia x dé biéu thac A co6 nghia va rat gon A.
b) Tim gié tri nho nhét cua biéu thic A,
c) Tim x dé biéu thiac (A-x) c6 gia tri 1a s nguyén to.

Cho biéu thuc A=

Loi giai
a) biéu kién: x>0; x = 4.
x* —4x—-80 1 1 x*-4x-80 Ix+2-x+2

X-16  Jx+12 Jx-2  x-16 +(\/;_2)(\/§+2)

_ X-4x-80 4 X -4x-80+4x+16 __ x-64 _(x—4)(x" +4x~+16)
(x—4)(x+4) x—4  (x-4)(x+4) (x—4)(x+4) (x—4)(x+4)

Tacd A=

2
Vay A:X +4x+16'
X+4
2 2
b) Do x>0 nén A= rax+16 _ x +4>4,

X+4 X+4
Mat khac A=4 khi x=0.
Vay gia tri nho nhat cia A 14, khi x=0.

c) Tacé A—x=£.V‘| x>0 nén 0<£s4.

X+4 X+4
16 5 rx=aq
Do d¢ , dé biéu thirc (A—x) c6 gia tri 1a s6 nguyén to thi X+4 o 4
16 X =— (tm)
— =3 3
X+4
4
Vay x=—.
ay 3
Cau 6. (Truong chuyén tinh Long An nam 2020-2021)
Cho biéu thie A= YX=2 VXL, 3K oy

\/—1 \/;+2 X+ /X =2

a) Rat gon biéu thuc A .

b) Hay so sanh gia tri cua biéu thaec A véi >
Lo giai

a) Rt gon biéu thac A .

a_Vx-2 Vx4l 3Vx

T -1 x+2 xedx =2
_x=2 x4l 3x
CUx-1 Jx+2 (\/;—1)(\/;+2)

(x>0,x#1)
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(g (o) -2
(V1) (Vx+2)

X—4+x-1+3Vx

T (x-1)(Vx+2)

_ 2x—5+3Jx
(«/;—1)(«/;+2)

i (Vx-1)(2vx+5)
(Vx-1)(Vx+2)

_2Jx+5
Ix+2

b) Hay so sanh gia tri cua biéu thaec A véi >

et S _20x+5 5 _4x+10-5Jx-10 _  —/x
Ix+2 2 2(Vx+2) 2(\/?+2)

Vi x>0 nén \/;20 X \/;+222 voi moi x>0,x =1

xso K
Suyra: {2(&+2)24haym

<0 véimoi x>0,x=1

Do d6 : A—gso vaimoi x>0,x=1

5
Hay: A<—.
Y 2
Cau 7. (Truong chuyén tinh Hung Vwong — Phu Tho nam 2020-2021)

Cho x=——— +\/3 2/2 Tinh gi trj biéu thirc P = (2x° —6x+2008
3-22

)2021

Loi giai
Cho x=——=—+33-2V/2. Tinh gi4 trj biéu thirc P =(2x° —6x-+2008

Y3- 2J_

Tirx=——t 322 =1t
Y3-242 3-242

Sx-3x=6<x2-3x-6=0.
Taco: 2x° —6x+ 2008:2(x3—3x—6)+2020=2020

)2021

+3-22 +3x

Vav P =2020%*,
Cau 8. (Truong chuyén tinh Quang Nam nam 2020-2021)
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2 x+\/; 18

+ —
1rx+4dx+4 X-2x-3 x-9

R0t gon biéu thiac A.

Cho biéu thirc A = Vi X>0:x#9.

Loi giai
2 X + /X 18

= =+ —
T+x+4Jx+4 x—2x-3 x-9
2 \/;(\/;+1) 18

A= + -

1 (V) (r)(Ve-s) (Vxs) (V)

Ao 2 x 18

S Jx+3 Jx-3 (\/;—3)(\/}+3)
Ao 2(\/;—3) N \/;(\/;+3) ) 18
_(\&—3)(&+3) (\/;—3)(\/;+3) (&—3)(&+3)
_ 2x-6+x+3Jx-18

(&—3)(«/;+3)

X+5+/x — 24 (\/;—3)(&+8)_\/§+8

A= -

(Vx-3)(vx+3) - (Vx-3)(vx+3) CIx+3

Cau 9. (Truong chuyén tinh Ninh Binh nam 2020-2021)

A

VoIl Xx>0;x#9

A

Tinh gia tri cua biéu thuc A=;/§__i:£\/1;—\/;1+1j Vi X =4+243.
Loi gidi
Véi 0<x#1
Tacé:A=&_1:( 1 1 j= x 1 :&+1_&
7 x \x Vxot) xR -1) (V1) (o)
11 1

_x(\/;+1)'\/§(\/§+1) \/;
Vi X=4+2\/§=(\/§+1)2:>\/;=\/§+1
1 J3-1

Suyra A= =
Y J3+1 2
Cau 10. (Truong chuyén tinh Binh Phudc nam 2020-2021)
2a)( 1 2/a
a+l) (Ja+l aJa+va+a+l

a) Rt gon biéu thuc A.

Cho biéu thac A= (1—
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b) Tinh gidtricuia A khi a=2021-2/2020 .
Loi giai
a) Rat gon biéu thuc A.

bKXDb: a>0;a=1

e e

A=+a+1

b) Tinh gia tri caa A khi a=2021-2+/2020

Khi d6 a = 2021—2+/2020 = (Jzozo —1)2

A=, /(\/2020 —1)2 +1=1+/2020 —1+1=+/2020
Vay khi a=2021-22020 thi A=+/2020

Cau 11. (Truong chuyén Neuyén Trdi — Hai Dwong khéng chuyén nam 2020-2021)

Tinh gié tri cua biéu thic:
2 _ 10
(Ex ?x+f) chi X:3+J§
X*=3x"+x" -1 2
Lai giai

B = (10x* —30x +11) +

3+\/§

Taco X=T:>(2x—3)2 =5 4x° -12x+4=0< x> -3x+1=0
Taco 10x* —30x+11=10(x* -3x+1)+1=10.0+1=1

2> —6X+3=2x*—6X+2+1=2(x* -3x+1)+1=2.0+1=1

X =3 +x°—1=x*(x*-3x+1)-1=0-1=-1

Vay B=0.

Cau 12. (Truong chuyén tinh Qudang Ngai nam 2020-2021)

letgc_mbiéuthl’rcA:(\/a L ].[a—\/a 61Jr\/gJ,véria>0,a;«f&1.

Ja+1 Ja-1
Loi giai

el b=

2 2Ja)|+a+1 a-1

_(a-1) (2a-Va)(va-1)-(a+a)(Va+

_(NE) a-1

2 2Va

Taco: A=

TAI LIEU TOAN HOC
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_a-1a/a-2a+a-aJa-2a-+a
~2Va a-1
_a-1 -4a _ —4a N
2Ja a-1 24a
Cau 13. (Truong chuyén tinh Pong Thdap nam 2020-2021)
Cho biéu thirc A=(3\/§— L ]: L :
x-1 x-1) x++/x
1. Tim diéu kién xac dinh va rat gon biéu thac A.
2. Tim tat ca céc gia tri cua x thoa 2A—x =3.
Loi giai

: 1 1
Cho biéu thirc A= W - : .
x=1 Jx=1) x+Jx

1. Tim diéu kién xac dinh va rdt gon biéu thiac A .

Diéu kién: 0 <x =1

A=

3Wx -1 JVx+1
NN S

=(3\/§—1)—(\/}+1)
(\/;—1)(\/;+1)

2Jx -2
- Nrx=2x

2. Tim tat ca cac gia tri cua x thoa 24 —x =3.
2A-x=3 4 x-x=3
(Vx-3)(1-vx) =0

x=9
Tla=1(1)

Vay x =9 lagiatri can tim.
Cau 14. (Truong chuyén tinh Gia Lai nam 2020-2021)

RUt gon biéu thue A = 1_a:+\/; 1_:1;—\/; VoI x>0,z # 1.
\/;+1 x—1

(1)

Loi giai
Vé6i x>0,z # 1, taco:

A{l_ﬁ(fﬁznl{l_ﬁ( x-1>J

z -1

TAI LIEU TOAN HOC
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Cau 15. (Truong chuyén tinh Ba Ria Viing Tau nam 2020-2021)

X—4 L X X+2

xJx -8 (\/;+1)2+3
Lai giai

po X4 | X4x+2 (\/;—2)(\/;+2) N X+/X +2 =x+2\/§+4=

xv/x -8 (\/;_,_1)24_3 (Vx=2)(x+2x+4) x+2dx+4  x+2Jx+4

R0t gon biéu thiac P = véi 0<x#4.

1

Cau 16. (Truong chuyén tinh Yén B&i nam 2020-2021)

2
\/§+1_\/5 1+4\/5 : ﬂ ,véia>0,a=l.
Ja-1 Ja+1

Ja+1
1. Rut gon biéu thic P.
2. Tim tAt ca cac gia trictia a dé P > 2.

Cho biéu thic P = (

Loi giai
1.Véia>0,a=1taco

(J£+1)2 —(Ja—l)z +4fa(a-1) | [ava(va+1)

(\/5—1)(\/5+1) | Ja+1
:a+2\/5+1—a+2\/§—1+4a\/§—4\/5:a\/5
a-1
:4a\/a:a\/§
a-1
a-1 a-1

2. Tim tit ca cac gid tri chaa dé P > 2.

Ps2e2 2262 15002 001<ax<3
a-1 a-1 a-1

Vay l<a<3thi P>2.

Cau 17. (Truong chuyén tinh Ha Nam nam 2020-2021)

x+3Wx 42 x+a/x 1 1 3
: voi x> 0;x #1.

- +
x+dx -2 x-1 | (Jx+1 Jx-1
1. Rat gon biéu thic P.

1 Jx+1

2. Tim x dé ——
P 8

Cho biéu thuc P = {

>1.

Loi giai
1. 1.(1,0 diém) RGt gon biéu thic P
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\/;+2)_ \/;(\/;H) :\/;—1+\/;+1
Vi-1) (Vest)(Va-1) | (Vae+1)(Va-1)

_(\/;H_ Jx ] 24x

W=t V1) (Vi )(Va 1)

o (Vr+1)(vx 1)

NP 2/x

_\/;+1

- 2x

2. 2.(1,0diém)T‘|mxdé%—\/;8+121

l_\/;+1>1<:> 2x _\/;+1_1>0

P 8 T Jx+1 8 N

@16&—x—2&—1—8\/}—8>0
8(\/;+1) -

S 6/x—x-9>0 (i 8(\/;+1)>0 voimoi x >0; x #1)

@x—6&+930@(\/}—3)230@J§—3=0@x=9

Vay x =9 thoa man diéu kién.
Cau 18. (Truong chuyén tinh Hoa Binh 2020-2021)
1) ROt gon biéu thuc:
a-9 b) B:\/g—\/g_2+\/§
Ja-3 1-vV2  1+42

a)A=

Lot giai
PKXP:a>0:a#9

_(a+3y(a-3 -~ .

A Ja-3
NB0-V2) 20+42)
T B TN =V3-2

Cau 19. (Truong chuyén tinh Pién Bién Vong 2 nam 2020-2021)

a’-va 2a+JE+ 2(a-1)
a++a+1 Ja Ja-1
a) Rut gon P.

b) Tim gi4 tri nho nhat caa P .

Léi giai

Cho biéu thuc: P =

(véi a>0,a=1).
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a) Ratgon P.

JaWa -1 +a (2J5+1) 2(Ja-1)(a+1)
at++va+1 \/5 \/— 1

P= Ja(a-D(@a+va+1) —(Va+)+2(a+l)=a-+a+1

a++va+1
b) Tinh gié tri nho nhat cua P.

V6 a>0,az21= P=

2
P:a—\/5+1=(\/_—%j +%2% (V6i va>0,a=1)

VAy gi4 tri nho nhit cia P=% Kkhi a=%.

Cau 20. (Truong chuyén tinh Vinh Long chuyén toan nam 2020-2021)

e

+ —+—
X +x3+3 =27 |3 x
A vatinh gia tri caa A khi x =+/3+2020.

b) Tinh gia tri cia bidu thic B = \/\/E—\/s—\/zg—lzx/ﬁ .

Léi giai

a) Cho biéu thic A :( 1] . Tim diéu kién xac dinh cua

a) Didu kién: x£0: x#+/3.

A:( V3 N 3 X" +X4/3+3

X2+ X343 (X—3)(x* +x4/3+3) /3%

_ (x—+/3)v/3+3 x*+xy3+3]_ 1
(X —/3)(x? + x+/3 +3) J3x x—+/3

1 1
Thay X =+/3+2020 vao A taduoc A = - .
Y ' J3+2020-+/3 2020

b) B= \/J’ J3-\29-125 \/ \/3—,/2\/_ 3
B o2 Vo[ VB 1) =

Cau 21. (Truong chuyén tinh Gia Lai nam 2020-2021)

RUt gon biéu thic A= a-1 +a+1+2\/a,véi a>0,a=1l.

Ja-1 Ja+1

Loi giai
(- ()

Ja-1  Ja+l
=Ja+l+Ja+1= 2(1+\/g)-

Taco A=
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Cau 22. (Truong chuyén tinh Hai Phong nam 2020-2021)

Cho biéu thic P — 2 S N P Ja |
Ntz —z-1 r—1 r+1
Rut gon P. Tim tat ca céc giatricua = d¢é P < —%.
Loi giai
P= 2\/; - 1 : X+yx+1 bK: x>0,x#1
(x+1)(Vx-1) x-1){ x+1
2Jx —x-1 X +1 1-x
@P: . {:}P:—
(x+1)(\/;—1) X+~/Xx +1 X+X+1

P£—1@i£—£©7—7\/§£—x—\/§—1(d0 x+\/§+1>onzo)
7 x+dx+l 7

& X—6/x+8<0

@(\/;—2)(\/;—4)s0@2s\/§s4©4sx316.

Cau 23. (Truong chuyén tinh Long An nam 2020-2021)
x+/x -3 2(vx-3) /x+3

Wx+)x-3) x+ ’ 3-+/x

a) Rut gon biéu thirc P.

b) Tim x dé P 1a sd nguyén.

vol x>0; x#9

Cho biéu thic P =

Loi giai
a) Ta co:
o_ xv/X —3-2(x =3)* = (\/x +3)(Wx +1)
x+D)(/x-3)
p_ x\/;+8\/;—3x—24
X +D(/x-3)

o (x=3)(x+8)

(WX +D(/x -3)

X+8
P = \/§+1
b) Tacé P>0,PeN va (\/_—;T =W.

TAI LIEU TOAN HOC
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J}_Ek;«p_4xp+a
2

Suyra P>4,PeN va 5

8>P>4,PeN

P-J(P-4)(P+8)) [P+ (P-4)(P18))
X = 5 X = >
P>8PeN

P+ (P4)(P+8))
X= 2

Cau 24. (Truong chuyén Quang Binh nam 2020-2021)
, 2X 3 3
Cho biéu thuc: P= + +
x-9 x-3 x+3
a) Rat gon biéu thic P.

(véi x=0,Xx#9).

i . 1
b) Tim cac gid tri chiax de¢ P= 3
Léi giai
2X 3 3
Taco: P= + +
x-9 x-3 /x+3
o 3(v/x+3) 3(v/x -3

= +

(Vx+3)(Vx=3) (x+3)[Vx-3) (Vx+3)(¥x3)

C2x+3Ux+9+3Vx -9

(Vx+3)(vx-3)

_ 2X + 6/X
(Vx+3)(Vx-3)

O 2(Vx+3) ok
(Vx+3)(Vx-3) Vx-3
1 2x 1

Véai X>0,Xx£9 thi: P=--< - .
2 Jx-3

2
S ax =—Ix +3.

o5/x =3 x :215 (thoa méan)
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Vay X:i thi P=—1
25 2

Cau 25. (Truong chuyén toan Qudang Binh nam 2020-2021)

. \/;+2 z -z -3 :1:—\/; 2
Cho biéu thic: P = - : + .
[\/;+1 r-Vr-2) \z-Vr-2 Jr-2

a) Rut gon biéu thiuc P .

b) Chitng minh P < %
Lai giai
a) PKXD: 2 >0, z # 4.

(\/;+2)(\/;—2)—(x—\/;—3):x—\/;+2(\/;+1)
(x/;+1)(f—2) (ﬁ+1)(x/;—2)

_:1:—4—:1:+\/;+3.a:—\/;+2 T +2

) (\/Z+1)(\/§_2) '(\/E+1)(\/E_2)

o1 -(x/5+1)(x/5—2)
(\/Z+1)(f—2) 2+ +2
Jz -1

T+NT +2

P =

b) Véi x>0, 2 # 4 (*)

Jo -1 1 o1

TacéPSl@ Sl<:>— >0
r+Nz+2 7 7T z+z+2
T+ x+2—7\/;+720<:>x—6 a:+9ZO
7(33+ :1:+2) T+NT +2
2
(e -3)
— >0
T+NT +2

BAt ding thirc cudi luon dang véi moi = théa man didu kién (*)

Dau bang xay rakhi z = 9.
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VayPS%vé’imoixZO,x?&éI (*)

Cau 26. (Truong chuyén tinh Qudng Ninh nam 2020-2021)

2\/§+1 2x — 1 Ix+2 Jx+4 .
Jx—2  3-Jx x—5&+6j’(3&_ ]VO'

Cho biéu thuc A= [

X>0, x#1 x#4, x#9.
a. Rat gon A.
b. Timxdé A< 2.
Loi giai

(25 (053] (25 05252 5
29 i

_ \/;_3 (3\/;+2)(\/;—2):3\/;+2
(Vx-2)(Vx-3)  x-1 Jx-1

a) A=

b A2 VXF2 5 o VX+d
Jx-1 Jx -1
V‘|\/§+4>0vdimoixnén\/;—1<0<:>\/;<1<:>OSX<1
KL: 0<x<1.

Cau 27. (Truong chuyén tinh Thai Nguyén nam 2020-2021)
Khong sir dung may tinh cam tay, tinh gié tri biéu thic

A=\2-2y4-243 +1-1+ 47443,

Loi giai

A:\/2—2\/4—2\/§ +\/—1+4\/7—4\/§

=\/2—2,/(\/§—1)2 +\/—1+4,/(2—\/§)2
=J4-23+7-43

(3 (2o
=J3-1+2-3=1

Cau 28. (Truong chuyén tinh Son La nam 2020-2021)

Ta co:

1

2019 2021+ 12020 \/ 2020 2020

1- Jzozo J2020 1++/2020

Tinh gié tri cua biéu thic: A =
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Léi giai

a) Taco:

2
1
1+ ——
2019 2021+ V2020 \/[ 12020 ]

T 142020 42020 1+/2020

2019  2021++/2020 1
= -|- —
1—+/2020 J2020 J2020

_ 2019 N 2020+ +/2020
1-+2020 \2020

2019
= ———++/2020 +1
1-4/2020

=0
Cau 29. (Truong chuyén tinh Hau Giang nam 2020-2021)

Tinh gia tri dang cia bidu thic 4 — /43 —3042 +/6—442.
Loi giai

Taco /43— 3042 :,/ 5-3v2) =5-32.
J6— 442 1/ _2) =2-2.

Tuwdd,taco A=7— 4\/—
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Chuyén de

Bat dang thixc va tim Cuc tri

Cau 1. (Truong chuyén tinh Bdc Giang nam 2020-2021)
Cho a, b, ¢ la céc sb thuc duong. Ching minh rang:
a’ b? c’ 1

2 2+ 2 2+ 2 2 =
5a°+(b+c)” Bb°+(c+a)” 5¢°+(a+h)” 3

Loi gii
, - . % . 1 11
Chung minh véi ba s6 duong X, y, z taco (X+y+2z) ;+;+; >9 (1)

Ping thuc xay ra khi va chi khi x=y=1z.

2 2 2 2
Chung minh dugc bét dang thic X—+y—+z—2M vm,n, p>0 (2). Pang thuc
m n p m+n+p

xay ra khi va chi khi 2 =Y _ %
m n p
a2 b2 C2
2 2+ 2 2+ 2 2
5a°+(b+c)” 5b*+(c+a)” 5c’+(a+b)

pit P =

Ap dung bat ding thtc (1), ta co

1 1 1
[(a2+b2+cz)+(2a2+bc)+(2a2+bc)]'(az+b2+c2+2a2+bc+2a2+bcj29
9a’ _ 9a’ <a2( 12 J
5a2+(b+c)2_(a2+b2+c2)+(2a2+bc)+(2a2+bc)_ a’+b?+c? 2a’+hbc

Chtrng minh tuong tu, ta dugc

9b? , 1 2
ZSb 2 2 2+ 2
5b2+(c+a) a’+b°+c® 2b°+ac

9b? , 1 2
2 7 <€ 2 2 2 o2
5¢° +(a+b) a’+b*+c? 2c*+ab
Khi d6, ta co
9a* 9h? 9c? 2a’ 2b? 2¢?
7+ — 7+ — > <1+| — +— +—
5a’+(b+c)” 5b’+(c+a)” 5c’+(a+b) 2a°+bc  2b°+ca 2c”+ab

Suyra9Ps4—( be ca ab j

2 + 2 + 2
2a°+bc 2b°+ca 2c+ab
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bc ca ab b2c? c’a? a’b?

Ta co: + + = + +
2a’+bc 2b*+ca 2c?’+ab 2a’bc+b%c? 2ab’c+c?a? 2abc? +a’b?

ca ab _(ab+bc+ca)’

. +— +— > >=1
2a°+bc 2b°+ca 2c°+ab (ab+bc+ca)

Ap dung bat ding thtc (2), ta dugc

Vay 9P<3=P< % (dpem). Bang thirc xay ra khi va chi khi a=b=c.

CAu 2. (Truong chuyén tinh Béc Ninh vong 2 nam 2020-2021)
Cho a,b,c 1a cac sé dwong thao man a?+b?+c? =1. Tim gi4 tri I6n nhit cua biéu thirc
A=(1+2a)(1+2bc).
Loi giai
Taco: A=(1+2a)(1+2bc) <(1+2a)(1+b* +c*)=(1+2a)(2-a°).

Ma (1+2a)(2—a2):%(2+4a)(6—3a2)s L (2+4a+6-3a%) :%.(8+4a—3a2)2.

24
2
Dénh gi4: 0<8+4a—3a’ =8+£—3(a—gj s§ .
3 3 3
2
= Asi(ﬁj =% .
24 \ 3 27
VAy gié tri 16n nhét cia A bing % . DAu “= * xay ra khi va chi khi
Cau 3. (Truong chuyén tinh Binh Duong nam 2020-2021)
V6i céc s6 thuc x,y thay doi thoa man 1< x <y <5. Tim gié tri nho nhat cua biéu thirc
P=2(x*+y")+4(x-y-xy)+7.
Loi giai
Taco
P=2(x2+y2)+4(x—y—xy)+7=2(x2+y2+2x—2y—2xy)+7
=2(X* +y? +1+2x—2y—2xy)+5=2(x~ y+1)* +5>5vx,y.

. X-y+1=0 _ |
Dau “=" xay ra < .Vidu x=3,y=4.
1<x<y<5
. X—y+1=0
Viy P, =5 < :
1<x<y<5

Cau 4. (Truong chuyén tinh Dak Nong chuyén toan nam 2020-2021)
Cho hai s6 dwong x,y théa min x+y=1. Tim gid tri nho nhat cia biéu thuc
1 1

+—.

A=
X+y? Xy

Loi giai
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1hcavdi&b>0:£+12—£—<3(a+bf24m1
a b a+b
DAu bang xay rakhi a=b.
1 1 1 1 1 4 1 4 1
A=———+—=——-+ + 2—— + = =+ )
X“+YS Xy XT+YyS 2Xy 2Xy  XT+Y 42Xy  2xy (x+w 2Xy
Ma 4xys(x+y)2:> > 2 =
2xy - (x+y)
= A> 4 + 2 ___6° =6.

(x+ y)2 (x+ y)2 (x+ y)2

<:>x—y—1
+y=1 '

Dau "=" xay ra khi {x

Vay gia tri nho nhat cia A 13 6 dat duoc khi x=y = % .

Cau 5. (Truong chuyén tinh Ha Giang vong 2 nam 2020-2021)
25 1

Tim gia tri nho nhit cua biéu thie P=—""— Vol —4<X<2.
4+XxX X-2
Loi giai
Ta co: P_E—L voi 4<Xx<2
4+X X-2
25 1
X+4 2-X
_312&x+4+2—x)+}_2—x+x+4
6 X+4 6 2-x
{26 L5 27X ﬂ}
6 X+4 XxX-2
25(2— 4
= 6P =26+ ( X)+( +)
44X 2—X
25(2—-x 4+ X
6P—26=( )+( )22\/2_5=10:>P26
4+x 2—X
25(2-X 44X
=P. =6 ( ):( )>0<:>X:1

44X 2—X
Cau 6. (Truong chuyén tinh Ha Tinh nam 2020-2021)
Cho x,y,z la cac sé thuc khdng am théa man x*z% + y°z° +1<3z.
Tim gié tri nho nhét cua biéu thic

_ 1 . 8 N 47°
(x+1)° (y+3)° (1+22)°
Loi giai
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Truéc hét ta ching minh: %+i>%, ABeR;AB>0

B* (A+B)

A? 4+ B2 8
= 2p2 2 2
A°B (A+B)

& (A +B%)(A+ B)" >8A’B? (ludn dung)

Tir gia thiét z >0, dat x=a,y=b,z=i

2C
T X°2° +y?22 +1<37 = a? -iz+b2i2+ls 3.1 a2 ip? <6e-4c?
4c 4c 2c

a’ +b*+c? <6c—-3c’ =3[1—(c—1)2}s3

Ap dung BPT Bunhiacopxki, ta co:

(a+b+c) <3(a’+b*+c’)<9=a+b+c<3=0<a+h+c+5<8
1 S 1

->———>=
(a+b+c+5)" 64

N 1 8 47° 1 1 8
T Py vy Ty e [ 1Y (ve3)
5:)
22
1 1 8 1 R
P= 7t 7t P 7t 7 |t 2
(a+1)" (c+1)" (b+3) (a+1)" (c+1) | (b+3)

8 8 1 1]
2 7T z:8 7T 2
(a+c+2)" (b+3) {(a+c+2) (b+3) |

> 64 >1
(a+c+2+b+3)2
x=y=1
Dau “="xay rakhi a=b=c=1 tac la 1
iy
Vay minP =1.

Cau 7. (Truong chuyén tinh Long An nam 2020-2021)
Cho a,b,c la céac sb thyc thao man abc =1 . Chang minh rang

a’+1 b°+1 c’+1
fone + 7 + i >a(b+1)+b(c+1)+c(a+l) .

Léi giai

Lién hé tai liéu word toan SPT va zalo: 039.373.2038
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1

a=—

bc

Tacé: abc=1nén abc#0 = b:%
1

C=—

ab

a’+1 b2+1 c?+1
2 + b7 bz —>a(b+1)+b(c+1)+c(c+1)

b’ (a®+1)+c* (b’ +1)+a’ (c*+1) 2 (ab+c)+(bc+a)+(ca+h)

<:>(a2b2+c2)+(b2c2+a2)+(c2a2 +b2)2(%+cj+(%+aj+(%+bj

Ta chirng minh 1. a’ 2(£+aj
a

a2

2
Ta co: i2+a2 =(—+|a|j -2
a

e o] o

Str dung bat dang thirc C6 — si: ﬁ+|a| >2

|2 (o

:>i2+a2—[—+|a|}>0
a al

:iz+a >—+|a|> +a

a E! a
. . o1 > 1 1 > 1
Chtrng minh tuong tu ta dugc: F+b 26+b,—2+c >=+cC.
c c
a’=1
Dau “=" xay ra khi va chi khi <b? =1 ma abc =1 nén ta c6 cac bo sb (a; b; ¢) cé dang
c’=1

(L11);(-L-11); (L -1L -1); (-1 L -1) thoa man dé dau “=" xdy ra.
Tir d6 suy ra diéu phai chirg minh.
Cau 8. (Truong chuyén tinh Lam Pong nam 2020-2021)
Chuang minh riang véi moi sé thuc a,b,c,d,e ta ludn cé

a’+b*+c?+d’+e’ >a(b+c+d+e)
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Loi giai
a’+b’+c’+d*+e’>a(b+c+d+e)
& 42’ +4b* +4¢” +4d* + 4e”* 2 4a(b+c+d +e)

< 42’ +4b* +4c” +4d” + 4e” —da(b+c+d +e)20
& (a-2b) +(a—2c)" +(a-2d)" +(a-2e)" 20
DAu “=” xay rakhi a=2b=2c=2d =2e.
Céau 9. (Truong chuyén tinh Lang Son nam 2020-2021)
1) Cho x, y, z 1a c4c s6 thuc duong théa man x+ y+z =1. Tim gié trj nho nhat cua biéu
thuc P:i+i+l .
36x 9y z

2) Cho a,b,c la cac sé thuc dwong thoéa man a+b+c = 3. Ching minh rang:
a’ b c? 3
+ + >
(a+1)(b+1) (b+1)(c+1) (c+1)(a+1) 4
Loi gidi
1) Ap dung bét ding thirc Bunhiacopxki ta co:

A4 -] ) 4]

6 3
1
X==
1 9
. 6x=3y=12 X+2x+6x=1 X== 2
Day "=" xayra < = = 9 Sy ==
X+y+z=1 6x=3y=12 9
6x=3y=12 5
Z=—
3
Vay GTNN cua P la g tai x=1,y=g,z=g
4 9 9 3

2) Ap dung bt dang thac C6 si ta co:
a a+l b+1 a a+1l b+1 3
+ + >3- 3 . . =—
(a+1)(b+1) 8 8 (a+1)(b+1) 8 8 4

b? +c+1+b+1>3.3 b? c+1 b+l 3
(c+1)(b+1) 8 8 (c+1)(b+1) 8 8 4

c? +a+1+c+1>3_3 c? 'a+1'c+1:§C
(a+1)(c+1) 8 8 (a+1)(c+1) 8 8 4
Suy ra a + b” + ¢ E 3(a+b+c)
(a+1)(b+l) (b+1)(c+l) (c+1)(a+1) 2 4
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= & + b* + ¢ >3
(a+1)(b+1) (b+1)(c+1) (c+1)(a+1) 4’
Diu "="<a=b=c=1.
Cau 10. (Truong chuyén tinh Nam Dinh nam 2020-2021)
Cho céc s6 thuc khong &m a,b, ¢ thoa man diéu kién a+b+c=1. Chang minh:
a®+b®+c? s%+a“+b“+c4
Léi giai
Xéthigu (a®+b®+c’)—(a*+b*+c*)=(a’—a*)+(b*~b")+(c*~c*)
=a’(1l-a)+b’(1-b)+c’(1-c)=a’(b+c)+b’(a+c)+c’(a+b)
=a’(ab+ac)+b*(ab+bc)+c?(ac+hbc)
Do a,b,ckhong am nén ab, ac,bc khong &m, suy ra a’(ab+ac)+b?(ab+bc)+c?(ac+bc)

a’(ab+ac)+a’bc+b?(ab+bc)+b*ac+c* (ac+bc)+c*ab

=a’(ab+ac+bc)+b?(ab+bc+ac)+c? (ac+bc+ab) :(a2+b2+c2)(ab+ac+bc)

%(a +b’ +¢*)(2ab+2ac+ 2bc)
1(a2+b2+cz+2ab+2ac+2bc)2 1[(a+b+c)2T 1
<= -z _2
2 4 2 4 8

Hay (a3+b3+c3)—(a4+b4+c“)s%©(a3+b3+c3):%+a4+b4+c4(dpcm).

Céau 11. (Truong chuyén Nghé An chuyén nam 2020-2021)
Cho a,b,c la cac s6 duong thoa man a+b+c=3. Tim gia tri nho nhat cua biéu thic:

\/a+b \/b+c \/c+a
P= + +
c+ab a+bc b+ca

Ap dung bt dang thic C6 si cho 3 sb duong \/a+b , \/ b+c , \/c+a ta duoc :
c+ab Va+bc \Vb+ca

P_\/a+b +\/b+c \/c+a \/\/a+b\/b+c\/c+a_\/a+b b+c c+a
c+ab Va+bc \b+ca c+abVa+bcVb+ca c+ab a+bc b+ca

Ap dung bét dang thic Co si cho 2 s duong (c+ab);(a+bc) ta duoc :

Léi giai

c+ab+a+bc [b a+c) (a+c)]2 _(a+c)2(b+1)2
4 4 B 4

(a+b)2(c+1)2
4

(c+ab).(a+bc)s( (1)

Tuong ty: (a+bc).(b+ca)<

()
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(b+ca).(c+ab)< (b+c) (a+1)

(3)

T (1),(2),(3) suyra:
(a+b)(b+c)(c+a)(a+1)(b+1)(c+1)
8
Ap dung bét dang thic Co si cho ba s6 duong (a+1);(b+1);(c+1) ta duoc :

(b+ca)(a+hc)(c+ab)<

(a+1)(b+1)(c+1) < (a+1+b+1+c+1)3 ~ (a+b+c+3)3 6
B 27 - 27 27

Turdo suy ra (b+ca)(a+bc)(c+ab)<(a+b)(b+c)(c+a)

8

a+b b+c c+a >1:>§/a+b b+c c+a 1 P>3

Do d6 . . > : . >
c+ab a+bc b+ca c+ab a+bc b+ca
Ding thire xay ra khi va chi khi a=b=c=1.
Vay gié tri nho nhat cua P 1a 3, dat duoc khi a=b=c=1.
Cau 12. (Truong chuyén tinh Phu Tho Chuyén Tin nam 2020-2021)

Cho 3 s6 thuc duong x,y,z théa man xy + yz + zx = 3xyz . Ching minh

X y z 3
2.2 + 2.2 + 2.2 =7
3y“z° +xyz 3X°2° 4+ xyz XYy +xyz 2

Léi giai

s X , 1
Tur gia thiet xy + yz + zx =3xyz, tacd ;+;+;=3.

%,c:%. Tacod a,b,c>0;a+b+c=3.
c ca ab
+ +
J3a+bc +/3b+ca +/3a+bc
bc bc 3 bc
'V3a+bc .Ja+b+c)arbc f(arb)(a+c)

Ta phai chung minh sg

Thatvay: Thay a+b+c=3

. L _ . 1 1
Ap dung bat dang thuc Co si cho 2 s6 , ta dugc

a+b a+c
bc bc( 1 1 )
S -
J@+b)a+c)  2\a+b a+c
Tuong ty ——— SE( t 1 )va ab ga_b(_l 1 j
V3b+ca 2\b+a b+c J3c+ab 2 \c+a c+b
Cong vé vai vé va bién di —— ca ab _a+b+c_3

+ + < =—.
J3a+bc +3b+ca +3c+ab 2 2
Ping thic xay rakhi a=b=c=1hay x=y=2z=1.
Cau 13. (Truong chuyén tinh Qudang Nam nam 2020-2021)
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Cho ba sb thuc x, y, z théa mdn x+y+z=3. Tim gia tri Ién nhat cia biéu thuc
H =3xy + yz> + zx* — X’y .
Loi giai
H =3xy +yz° + 2x* - X’y
H =(x+y+2z)xy+yz’ +2x’ - x’y
H = X%y + xy? + xyz + yz* + 2x* — X%y
H = xy? + xyz + yz° + zx*
Khong mat tinh tong quét gia sty 16n hon xva y nho hon z ,ta co:
(y-x)(y—2)<0
e x(y -yz—xy+xz)<0
<Xy —xyz—-x°y+x°2<0
& xy? + X7z < xyz + X%y
& XY2+ X224+ XYZ + yz2* < XyZ + X2y + XYz + y7°
H <xyz+x’y+xyz+yz> = y(x+ z)2

H s4.y.(x+ z).(x+ z)
2 2

Ap dung bt dang thic Co-Si :

3
4.y.(x”)-(x”)34("””] _4
2 2 3

Suyra H <4
H =4 x=y=2z=1

Cau 14. (Truong chuyén toan Phu Tho nam 2020-2021)
Cho x,y,z>0. Chang minh bat dang thuc:

\/W + L + ZM >2
RN RN A RS i

Loi giai

Jxy 1 2yz Jx 1

+ + >2 < + +
0 e i L e
y
Jx=a
Dit |- =b véi a,b,c>0 BDT (*) tro thanh: 2+ 21 [ 25 57 (x%)
N b+c c+a Va+b
N
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Apdungbdt£+£2 4 , (A;B>0)taco: ! + ! > 4 = 4
A B A+B b+c c+a b+c+c+a 2c+a+b
4(a+b+c
:L+1+L+1 (a+b+c) .1 ( ) (1)
b+ c+a b+c c+a 2c+a+b
Laico: 2
Va+ \/Zc a+b) 2c+a+b (2)
4(a+b+c
Tw()va@)tace: 2 4 D 4 2 Haxbre) . e, 5,
b+c c+a a+b 2c+a+b 2c+a+b

BDT (**) ding vay BDT can chimg minh 1a dung.

Ping thiic xay ra khia=b=c < x=t=z
y
Cau 15. (Truong chuyén tinh TP Ho Chi Minh nam 2020-2021)
. . 2 +b? a-b)’
a) Cho 2 so thuc a,b. Chiing minh rang a+b > ab+%.
2 a“+b°+2
b) Cho hai s6 duong a,b théa méan diéu kién a+b<3.

Tim gia tri nho nhét caa biéu thiac Q =b— a+§+%
a

Loi giai
a) Taco
2 L2 Ry Y Y _b) (a2 +b?
a+b >ab+ ga E) <:>(a b) > ga ?) <:>(a )(a ! )ZO(qu)ndﬁngVéri moi
2 a’+b%+2 2 a’+b*+2 2(a’ +b*+2)

a,b 1a s6 thuc).
b) Ap dung bat ding thuc AM-GM, ta c6

Q=b- a+§+%=—6(a+b)+5a+§+7b+%z—6-3+20+14=16.
a a

DAu “=” xay ra khi va chi khi a=2,b=1.
Vay gié tri nho nhit cua Q 1a 16.
Cau 16. (Truong chuyén tinh Ninh Binh nam 2020-2021)
Cho ba s duong a,b,c thoa man: v/a? +b? +~/b% +c ++/c? +a2 =~/2021.
a’ b’ ¢t _1 2021
+ > —
b+c c+a a+b 2V 2
Lot giai

pat X =+/b’ +¢*, y=+c*+a%, z=~a’+b* véi (X,y,z2>0;Xx+y+z=+2021);

bz:X2+Zz_y2 Cz_X2+y2_Zz

2 2 T2

+

Chang minh rang:

2, 2 2
+Z"—X
ENPLIN e .S
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va ap dung cac BDT:

b+c<f2(b’+¢”) =v2x,c+a< 2(c’+a’) =2y, a+b < [2(a’ +b°) =2z

y2+22—x2+22+x2—y2 x2+y2—22

2/2x Zﬁy ’ 22z

1 [((y+2)? (z+x)* (X +Y)?
T )
_ L (0 o ) (@0 ) [,
_2\/5_( ™ +2X 3xj+( 2y +2y 3yj+( > +2z BZH

1
> m[(Z(y+ z) -3%) +(2(2+X) - 3y) +(2(x +y -32) |

suyra VT >

1 202
Suyra VT >—(X+Vy+2z :— dpc
y 2\/5( y+2) (dpcm).

Cau 17. (Truong chuyén tinh Vinh Phic nam 2020-2021)
Cho céc s6 duong a,b,c . Chang minh rang

8(a"+b*+c*) 27(a+b)(b+c)(c+a)_,
ab+bc+ca (a+b+c)’
Loi giai
Ap dung bt dang thic AM - GM ta c6:

8(612+b2+02)+27(a+b)(b+c)(c+a)22\/8(a2+b2+cz) 27(a+b)(b+c)(c+a)

ab+bc+ca (a+b+c) ab+bc+ca (a+b+c)’
(a+b+c)’

ol 3 2r(a+b)(b+c)(c+a) . [2(a+b)(b+c)(c+a)

~ "\ ab+bc+ca’ (a+b+c)’ -\ (ab+bc+ca)(a+b+c)

Ta sé chiing minh

12\/(11;:1(:52?;2) >16 < 9(a+b)(b+c)(c+a)>8(ab+bc+ca)(a+b+c)

<9[ab(a+b)+bc(b+c)+ca(c+a)+2abc |>8[ ab(a+b)+bc(b+c)+ca(c+a)+3abe |

< ab(a+b)+bc(b+c)+ca(c+a)=6abc

@(a+bj+(b+cj+(c+aj26©(a+2_2) [b+£—2j [C+E—Zj20
c a b b a c b a ¢
2 2 2
<:>(al—b) +(b—c) +(c—a)
ab bc ca

Do d6 bat dang thirc dugc ching minh.
Cau 18. (Truong chuyén tinh Binh Phuoc 2020-2021)

>0 (ludn dang). Dau bang xay ra khi va chi khi a=b=c.
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a) Cho a,b 1 hai s6 dwong. Chirng minh rang:

L.l 4 ii. x/az—ab+3b2+1z£(a+5b+2).
a b a+b 4
b) Cho céc sb thuc duong a,b,c thoa man 1+%+333. Tim gid tri 16n nhét cua biéu thic:
a c
1 1 1
p= + + :
Ja?—ab+3b°+1 b*-bc+3c2+1 ~/c?-ca+3a’+1
Loi giai
a) Cho a,b 1a hai s6 duong. Chitng minh rang:
i. 1+£2 4 ii. \/az—ab+3b2+12£(a+5b+2)
a b a+b 4
i. Ta chirng minh bang phép bién d6i trong dwong:
b(a+b)+a(a+b)—4ab
Ta co: 1+1—i20<:> ( ) ( ) >0
a b a+b ab(a+b)

Honnita: b(a+b)+a(a+b)—4ab=a”+b’ —2ab=(a—b)2 >0
Do d6 bat dang thirc dugc chirng minh. Dang thac xay ra khi va chi khi a =b.
. Ta can chang minh

16(a’ —ab+3b”+1) > (a+5b+2)° «15a° +23b* ~ 26ab—4a— 200 +12 > 0.

Mit khac, 15a+13b%—26ab-4a-20b+12=13(a—b)’ +10(b-1)"+2(a—1)" >0nén bét ding
thirc duoc ching minh. Dang thie xay ra khi va chi khi a=b=1.

b) Cho cac s6 thuc duong a,b,c théa man 1+%+1 < 3. Tim gié tri 16n nhat caa biéu thirc:
a c

1 1 1

P= + +
Ja?—ab+3b?+1 +b*—bc+3c2+1 +c?—ca+3a’+1

Ap dung bét ding thic a2 —ab+3b2+1> %(a+5b+ 2) ta dugc:

4 4 4
< + +
a+5b+2 b+5c+2 c+5a+2

Ap dung bat dang thic 1.1, 4 ,Va,b>0 ta dugc:

a b a+b
4 ot 1 (1)
a+5b+2 a+b+2 4b
4 1 1 (2)
b+5c+2 b+c+2 4c
4 1 1

< +—
c+5a+2 c+a+2 4a

T (1),(2),(3) taco:
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P< t , t , 1 Lt (*).
a+b+2 b+c+2 c+a+2) 4la b c
Tiép tuc ap dung bt ding thirc 1.1 L,Va,b >0 ta co:
a b a+b

1 11 1y 11/l 1)1 (4)

a+b+2 4\a+b 2) 4/4la b)) 2
e o)

b+c+2 4\b+c 2) 4|4\b c) 2

1 1(1 1) 1[
<= += <=
c+a+2 4\c+a 2 4
3(1 1 1) 3 3
Tu (*),(4),(5),(6) taduoc: P<>| —+=+= |[+2<>
© (,(4).(5).(6) taauge: P 5[ bty

Vay gié tri 16n nhat cua P 1a g dat duwgc khi a=b=c=1

Cau 19. (Truong chuyén tinh Hai Duong nam 2020-2021)
{x3 +Y 43X+ y) +4(x+y)+4=0

a) Chuang minh rang: 1o bk
X xy >0

y
b) Cho ba s6 thuc X,y,z dwong théa man Xy+Yyz+zx+2xyz=1. Ching minh:
2 2 2
Xy yz zX

+ > 2Xyz
X+1 y+1 z+1

Loi giai
a) Taco: X° + Y3+ 30+y?) +4(x+y) +4=0

& (X+Y)(X=xy +y) +20C = xy + y?) + (6 + 2xy + y?) + 4(x+y) + 4 =0
& (X-xy+Y)(x+y+2)+(x+y+2)>=0

o (X+Yy+2)(XP=xy+y +x+y+2)=0

& (x+y+2). [(x=y) +(x+D)*+(y+1)*+2]=0

Wi [(x=y)* +(x+D)* +(y+1)*+2]>0)

< X+y+2=0
S X+y=-2,maxy>0nénx<0,y<0

Ap dung BDT CauChy ta c6 +/(—x)(-y) < X+ y) _=x+y) 2 =1

2 2 2
. 1 -2
Dodé xy <l 1< — & —< -2
Xy Xy
MaM=lyloXty =2
Xy Xy Xy
A 1 1 X N \ .
Vay M ==+—=<-2 daubang xay rakhi x=y=-1
Xy
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2.2 2.2 2,2 2
X Z Z°X XY+ VYZ+ ZX

y' .,y . (y+yzrzx)
XY+Y YZ+Z XZ+X XY+ YIH+IX+X+Y+Z

Tacd xy+ yz+12x>33x’y’z° .

Dt t = xy + yz+ 2, tir gia thiét c6: (1-t) = 4x*y’z < etz

b) Xét VT =

(1)

& xy+yz+zx2%

Thay vao gia thiét duoc: 2xyz =1-(xy + yz + 2x) s% hay xyz s%

Do d6 xy + yz+ zx > 6xyz

< (xy+yz+ zx)2 >6xyz(xy+yz+2x) (2)

Mt khac: (xy + yz + zx)2 >3(Xy.yz + yz.2X+ ZX.Xy ) < 2(Xy + yz + zx)2 >6xyz(x+y+z) (3)
Cong vé (2)va (3) co: 3(xy+yz+ zx)2 > 6Xyz(Xy+YyZ+2X+X+Yy+2) (4)

Két hop (1) va (4) ta c6 diéu phai ching minh.

DAau bang xay ra khi x = y=z=%

Cau 20. (Truong chuyén tinh Qudang Ngdi toan nam 2020-2021)

N s s ; 2 2X

Tim gia tri 16n nhat va gia tri nho nhat cta bicu thirc P = — 1
X° +
Loi giai
Ta ¢ biéu thire xac dinh véi moi X thudc R. Do do
2X
P=—"—<Px*-2x+P=0 *)
X +1

(+) Néu P =0 thi x =0.
(+) Xét P =0, taco pt (*) c6 nghiém & A'=1-P?>0< -1<P <1,
Vay minP =-1 va maxP =1.
Cau 21. (Truong chuyén tinh Ba Ria Ving Tau nam 2020-2021)
Véi céc s thue duong a va b thay d6i, hdy tim gia tri 16n nhat cua biéu thuc
s =(a+b)[ t 1 J
Ja?—ab+2b® /b’ —ab+2a’
Loi giai
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j 2(a+b)2 (3a2+3b2 —2ab)
~ 2a* —3a’h+6a’h® —3ab® + 2b*

2( +zj{3(a2+b2)_2J

1 1
+
a’—ab+2b* b?-ab+2a?

szsz(a+b)z(

a’+b?
ab

2(a® +2ab+b*)(3a* +3b° - 2ab) b
o

a’+b?
ab

a’+b?
ab

ab

2 n2)? 2 h2 2.2 d6 57 < 2
2(a”+b*) —3ab(a’ +b)+2a’b 2[ j _3[
2(t+2)(3t-2)

2t° —3t+2
2(t+2)(3t-2)

2t —3t+2
(1) = 3t* +4t—4<8t* 12t +8 < (t—2)(5t—6) >0 ding vt >2

> 2, tadugc S?<

Ta chirng minh duoc <8 (1). That vay

Do d6 S < 2+/2. DAu déng thirc xay ra khi a=b.Vay max$ =22 .
Cau 22. (Truong chuyén tinh Yén B&i nam 2020-2021)
Cho céc s6 thuc a,b,c duwong. Tim gia tri Ién nhat cua biéu thuc sau

2a b c

Ja)arc) Jbro)bra) yera)ceh)

Léi giai

4

P=

Ap dung bt dang thic AM-GM ta c6

W ENENN EN

2
b
2a Za) 1l 2 2b
— +o| —e—+
2| b+c

M

2b
b+a

2a

23 \( 2a
a+b

a+c

IA
N |-

a+b a+c b+a
( Jr
2 _ 2

a+b a+c
b

2

b+c

2a 2C
a+Cc c+a

2a 2b
a+b b+a

2+2+—

2)-

2

[

N |-

b+c c+b

2a

:—2b sa=7b=T7c.

Ding thirc xay ra khi va chi khi
b+a

2C

C+a

+
C
2

c+b

9
4

TAI LIEU TOAN HQOC

a
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Vay gia tri I6n nhit caa biéu thuc P bing % khi a=7b=7c.

Cau 23. (Truong chuyén tinh Ha Nam nam 2020-2021)
Cho a,b,c 1 cac s6 thuc duong théa man abc = 8. Chang minh :

a . b +—¢ Si(a2+b2+cz).
ca+4 ab+4 bc+4 16
Loi giai

Vi a,b,c la cac sé thuc duong thoa man abc =8 nén ton tai cac sb thuc duong x,y,z sao cho
2x 2 2z

a:—;b:—y;c:—.
y z X

2 2 2
L . 2 2 2
Bétdéngthtrctréthanhx—2+y—2+2—2 e A

X

y oz y+z z4+X X+Yy
x>y 7 X y z ’ X y z
3 S+ |2 =+ =+ | 23| =+=+2 | (2)
y VA X y Z X y Z X
2 2 2
DS D
yoozo x* y z x
x>y 22 xy yz zx X Y
S5+ s+ o+ =24 =+ = (3)
y oz x* yz zx Xy Xy

xyzxyz[llj(llj(llj
— ==+ —=x|—F— |+ Y| —F+— |[+z| —F+—
y z Xx z Xx Y y z X z Xy
4 4 4
x4y 4z

>
y+z z+x x+y

Ta c6 bét dang thire (1) duoc ching minh. Pang thie xay ra khivachikhi a=b=c=2.
Cau 24. (Truong chuyén Dién Bién nam 2020-2021)

2 2
Cho hai sé a, b théaman a>b >0 va ab =1. Chang minh: aa+b >22 .
Loi giai
2, he _h)2
a“+b :(a b) +2=(a—b)+ 2
a-b a-b (a—=h)

Viab=1=

Doa>b>0=(a-b)+

> 2\/(a—b).i = 24/2 (BDT AM-GM)

(a—h) (a—h)

Dau bang xay ra khi: (a_b):(a—zb)@(a_b)z =2<a-h=+2
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J2++/6

a=——— (t/m)
<:>a—§=x/§<:> \/_2\/_ :)b:@
a=% (Loai)
2 2 _
vay 2 +b 22\/5.Déubz‘?mgxélyrakhia:\/gJ”/E;b:\/g V2

a-b 2 2
Cau 25. (Truong chuyén toan Vinh Long nam 2020-2021)
Cho x,y la cac s6 thyc dwong va X+ Yy <1,

3 3 3
a) Chiing minh ring 2 ;y Z(X;y) .

3 3
b) Tim gi4 tri nho nhét caa biéu thac P:(1+ x+£j +[1+ y+£j :
y

X
Lai giai
a) Tacd
3 3 3
X ;y Z(X;yj <:>4(x3+y3)2(x+y)3<:>(x+y)(x—y)220 (ludn dung).
3 3
1V 1Y 1+x+1+1+y+E (2+x+y+XiJ
b) Taco P=(1+x+—j +(1+y+—} >2. X Y1 >2 y
X y 2 8

Pit a=x+Y, diéu kién 0<a <1, ta dugc

3 3 3 3
le.(2+a+ﬂj =1.(2+a+1+§j 21.(4+§j zl.(4+§) :ﬁ
4 a 4 a a 4 a 4 1 4

Vay gié tri nho nhat cua P 1a 3%::3 khi x = y=%.

Cau 26. (Truong chuyén tinh Gia Lai nam 2020-2021)

. 1 1 1 .
Cho cac so duong X, Y, Z thoa man + + > 2020. Tim giéa tri nho nhat cua
X+Yy Yy+2Z Z+X

2 2 2 2 2 2

bidu thic P:‘/y + 2X +‘/Z 2y +\/X t2r
Xy yz zX

Lo gisi

V6i hai s6 duong x, y tacé 2(x—Yy)* >0, dang thirc xay rakhi x=y.
Tacod 2(y—x)? =0< 3y? +6x2 > y2 +4xy +4x° <:>3(y2+2x2)2(y+2x)2

va —+—2 4 )
X Yy X+Vy
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2X y© +2X y+2x
o I T i (2],
Twongtg Y225 L1, 2] ) _VX+22 >L(1 z) (3)
s yz \/5 y z B J3

cong (1), (2) va (3) theo vé ta duoc

2 2 2 2 2 2
JY? +2x +\/z +2y +\/x +21 z\/§(1+1+%
Xy yz ZX X y z
. .11 4 1 1 4 1 1 4
Voi x,y,z>0 taco —+—2 —+—2= —_—t—2>—
X Yy X+YVy Z Yy+Z 72 X Z+4X
Nén 2(£+£+1j24( ! + 1 + ! ]24.2020hay1+1+124040
X Yy z X+Yy Y+z Z+X X Yy z
Suy ra P>4040\/_ dang thuc xay rakhi x=y=z=—— 3
4040
VayGTNNCuaPCantIm|a4040\/— khi x=y=z=—— 3
4040

Cau 27. (Truong chuyén tinh Hai Phong nam 2020-2021)
Cho ba s6 duong ,v, 2 théa man zy + yz + zz = 5. Chiing minh

x n Y N 3z SQ\/E,
\/952 +5 \/y2 +5 \/6<z2 +5)

Ding thie xay ra khi va chi khi nao?

Loi giai
X y 3z
+
x+y (x+2) \/(y+z)(y+x \/6 (z+x)(z+Y)

3z 1 1
\/6\/x+y X+z J— Yz y+x ﬁ Z+X 72+4Y

3z 3z 1
+ + + + = (2+3+3) =
2\/_ x+y X+12 y+z y+x z+x 2+y) 246

, 2 = 3 = 3 2=2x=2
bang thirc xay rakhi < Xx+y y+z Z+X<:>{5x2=5 S 71=2x=2y=2
Xy+Yyz+2x=5
Cau 28. (Truong chuyén tinh Nghé An nam 2020-2021)
Cho a, b, ¢ 1a ba sb thuc duong thoa man diéu kién a+b+c=3. Tim gia tri nho nhit cua biéu

, \/a+b \/b+c \/c+a
thac P = + + )
c+ab a+bc b+ca

p:

2./6
3

Léi giai
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Theo bat dang thirc AM-GM ta c6

P23.§/\/a+b _\/b+c .\/c+a :3§/a+b b+c c+a
c+ab Va+bc Vb+ca c+ab a+bc b+ca

Mt khéc: Theo bat ding thae AM-GM ta c6

(c+ab)(a+bc)s{(CJrab);(aijc)} :(c+a)4(b+1)
Chtrng minh tuong tu, ta cé (a+bc)(b+ca)s (a+b)24(c+1)2 ;
(b+ca)(c+ab)< (brc)(a+1)

4

Nhan tirng vé ba bat dang thac trén va thu gon ta dugc

(a+b)(b+c)(c+a)(a+1)(b+1)(c+1)
8

(c+ab)(a+bc)(b+ca)<

(a+b)(b+c)(c+a) S 8

“(c+ab)(a+tbe)(brca) (a+i)(b+1)(c+d)
Ma 8 > 8 =
(a+1)(b+1)(c+1) (a+b+c+3Y

)

a+b+c+3Y
=)
Do d6 P >3, dang thuc xay ra khivachikhi a=b=c=1
vay P.. =3 khia=b=c=1
Cau 29. (Pé du bj trieong chuyén tinh Nghé An ndm 2020-2021)

Cho X,y,z la ba s thuc dwong thoa min diéu kién xyz>1. Chang minh rang

i (a+1)(b+1)(c+1)s(

X N y N z S 3
Jodye Jyide iy V2

Léi gidi

X y z 3
+ + > (1)
Joovve Ayedox Aogw 2
Dét\/;:a,\/yzb,x/—zc suy ra a,b,c duong va abc >1
- a’ N b? N c? S 3
Ja?+bc b?ica Jelrab 2
Theo bét ding thirc Cauchy-Schwarz ta c6

Taco (1)

Lién hé tai liéu word toan SPT va zalo: 039.373.2038 TAI LIEU TOAN HOC



Website:tailieumontoan.com

a2 b? 2 Y (a+b+c)’
\/ 2 +\/ 2 +\/ 2 > 2
a“+bc b +ca +c*+ab (\/a2+bc+\/b2+ca+\/c2+ab)

Mt khac: Theo bat dang thirc Bunhiacopxki ta ¢6

2
(\/a2+bc +\/b2+ca+\/cz+ab) 33(a2+bc+b2+ca+cz+ab)
=3[(a+b+c)2—(ab+bc+ca)}£3(a+b+c)2—9

(vi ab+bc +ca>33 (abc)2 > 3)
Do d6 phép chiing minh s& hoan tat néu ta chimng minh dwoc
4
(a+b+c) 9

> & 2t° - 27t +81>0
3(a+b+c) -9 2

< (2t-9)(t—9)>0 (uon ding). (vi t=(a+b+c)’ z(ss/abc)z >9)

Pang thirc xay rakhi a=b=c=1
Cau 30. (Truwong chuyén tinh Long An nam 2020-2021)

2 2
.k R C
Cho cac so thuc a, b, ¢ sao cho: a=>0; bzg; c>5va a2+?+3312.

Tim gia tri 16n nhit cia M =+/2ab—3a ++/ca+8c +2+/c —5.
Loi giai

J28b3a = .[a(2b_3) < 2*+20=8. g < Ctat8
2 2
4+c-5
2Jc—5 = [a(c—5) <
c (c ) 5

Suyra: M <a+b+c+2
b*+4  c*+81
c<
4 18

2
Ta co: asa2+1 tb<

a.2 2 2
Suyra: a+b+c<—+—+—+6<12
2 4 18
Suyra:M <14
Giatri I6n nhatcaa M 1314 (Khi a=1b=2,c=9)
Cau 31. (Truong chuyén tinh Quang Binh nam 2020-2021)
Cho céc sb thuc a,b,c théa man 3a” +3b* + 8¢ =32. Tim gia tri 16n nhat cua biéu thic
P=ab+bc+ca.

Loi giai
: s .z ) . 1 1 4
Vi a,b la cac s6 thue duong ta chimg minh dugc: —+—> —— (1)
a b a+b
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1 1_ 4 a+b_ 4
That vay: —+—2 = >
a b a+b ab a+b
< (a+b)? >4ab < (a—b)*> >0 luén dung
DAu bang xay rakhi a=b
2

(ery) 11

4 4  2xy

1 3 1 1 5
N R IR +
X“+yS Xy X4y 2xy 2xy

Taco: Xy < >2 (2) Dau bang xay rakhi Xx=y.

+25>24+10=14

Ap dung (1) va (2) vao Q tadugc: Q > ( 4
X

+Y)°
X=Y
DAu bang xay ra khi ﬁ+y2:bw¢>x:y=%.
X+y=1

1
Vay GTNN cua Q la 14 khi X = y=§.

Cau 32. (Truong chuyén tinh Quang Binh toan chuyén nam 2020-2021)
Cho a,b,c lacac sé thuc khong am théaman a +b + ¢ = 3.

Tim gi& tri nho nhat cia T = (a - 1)3 + (b - 1)3 + (c - 1)3.

Loi giai
Tacé:(a—1)3=a3—3a2+3a—1=a a3 +§a—12§a—1(1)
2 4 4

(do a > 0)
Tuo tu'(b 1)3>3() 1(2)'(0 1)3>3c 1(3)

n, . - Z —0— y - Z —C—

gu 1 1

‘ \ 3 9 . 3
Tu(l),(2)va(3)suyraTZZ(a+b+c)—3—Z— ==

Dau “=” xay ra khi a=0,b=c=g hoic b = 0, a=c=g

hoacc:O,a:bzé.
2
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. 3 3 3
VayGTNNcﬁaTbéng—Z khia:O,b:c:Ehoacb:O,a:c:E hoac

c=0,a=b=§.
2

Cau 33. (Truong chuyén tinh Quang Ninh nam 2020-2021)
Cho x, y la hai s6 thyc théa man x* +5y° + 4xy + 3x + 4y = 27. Tim gia tri lon nhét,
nho nhat cia biéu thic M = X + 2.
Loi gidi

X2 +5Y? +4xy + 3x+4y = 27 & (x+2y)" +3(x+2y)+(y-1)" =28

3) 121 2
2y+ 2| =252 (y-1
<:>(x+ y+2) 1 (y-1)

2
Vay (X+ZY+%j 3%1@ X+2y+% £%©—73x+2yg4

X=-9

. X=2 .
Vay M Ién nhat la 4 khi { , M nho nhat la —7 khi { 1
y =

y=1
Cau 34. (Trueong chuyén tinh Thai Nguyén nam 2020-2021)
Cho céc sb thuc duong a, b, ¢ théa man a+3b+5c =2020. Tim gia tri 16n nhat cua biéu thuc
3ab 15bc 5ca
= + + .
a+3b 3b+5c 5c+a

Loi gidi
Ap dung bat dang thiae Cauchy cho hai s6 dwong a va 3b ta co:
a+3b)’
3ab <( 2 ) _a+3p
a+3b a+3b 4
CMTT taco:

15bc <3b+50_ 5ca <5c+a
3b+5c 4 '5c+ra 4

2(a+3b+5¢)

T d6 suy ra: P < =1010

Vay gié tri 16n nhat caa P 1a 1010 khi va chi khi a=3b=5¢c = &320 =<b= @

Cau 35. (Truong chuyén tinh Son La nam 2020-2021)

Lién hé tai liéu word toian SPT va zalo: 039.373.2038 TAI LIEU TOAN HOC
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a) Cho ba s thuc duong a, b, ¢ théa man a+b+c¢ = 4. Tim gia tri nho nhét caa biéu thic:

. 1 1 1 1
b) Chung minh rang: + + +..+————>5,
) ’ T2 JBevh 5+ J119 ++/120

Léi giai

a) Ap dung BPT: l+12i.
a b a+b

11 1(1 1) 4
Tacd —+—=—| —+— |2 .
ac bc cla b) c(a+b)

4 S 4
c(a+b) (a+b+c jz
2

Mat khac

a+b+c)z)

(vi 4c(a+b)£(a+b+c)2 <:>c(a+b)£( >

Viy 24+ t>1,
ac bc
A -7 . o A 5 =R i 1 1
Vay gia tri nho nhat caa biéu thac: P=—+-—=1
ac bc

DAau bang xay ra khi vachikhi c=2,a=b=1.

1 + L + 1 + +—1
1442 3+44 5+6 T 119 +4120

L + 1 +..+ 1
V2+43 Ja+5 T J120+4121

1 + 1 +..+ 1 + 1
1+72 2+ V119 +4/120 /120 ++/121
S+S, =v2-1+3-+2 +..+121-120 = 121-1=10
M3t khac dé dang ching minh dugc:

b) Pat S, =

Xét biéu thuc S, =

Tacod S,+S, =

1 5 1 vk>1 keN
J2k +2k =1 2k +/2k +1° ’
=3, >S,.
Vay S, >5,

1 1 1 1
ha + + +..t >5. (@ .
T N P N N R TP T R

Cau 35. (Truong chuyén tinh Hau Giang nam 2020-2021)

Lién hé tai liéu word toian SPT va zalo: 039.373.2038 TAI LIEU TOAN HOC



Website:tailieumontoan.com

Cho ba sb thuc duong X, y, z théa man diéu kién x + y+ 2z = 3. Tim gié tri nho nhat cua
3
xy—l—yz+xz'

biéu thac P =1+
Loi giai

D& thay véi moi sé thuc duong a va b, tacod a+b=2vab (*)

Ap dung (*), v6i a=1 va b:#, taco P22 |— > (**)
Xy + Yz + Xz \ Xy +yz+xz

Véi cac sé thuc x, y, z, taludn co: x* +y? +22 > Xy + yz + Xz.

2
Suy ra (x+y+2)" >3(xy+yz+xz) hay 3 >3

Xy +YZ + Xz _(x+y+z)2 )

& 6 _6_,
(X+y+2)> x+y+z 3

Tu (**)va (***),tasuyra P>2

P=2ox=y=z=1
Vay P, =2 lagiatri nho nhit.
Cau 35. (Truong chuyén tinh Hoa Binh nam 2020-2021)
. .. X+a+b+c=7
a) Cho céc so thuc x, a, b, ¢ thay doi, théa man: { s s s
X“+a“+b"+c° =13
Tim gié tri Ion nhat va gia tri nho nhat caa x.
b) Tim gid tri 16n nhat va gia tri nho nhat cua P = %
Loi giai
X+a+b+c=7 = a+b+c=7-x.
x> +a’+b’+c°=13 = a®+b*+c?=13-x4
Taco: (a—b)?+(-c)’+(c-a)?’>0
< 3a% +3b% + 3c* a? - b® - ¢? - 2ab — 2ac - 2bc >0
o 3@ +b?+c)>(a+b+c)
Suyra 3 (13- x%) > (7 - x)?
& 3(13-x%)>49 —14x + X?
&4 -14x+10<0

Rt 1§X§§.
2
x=gkhia=b=c=g ,X=1khia=b=c=2.

Vay Maxx:E khia:bzczg
2 2
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2_ 2(x?+2 ~2) _9)?

3 4X+8: (X ! )+(X ) :2+(X 2) >2,VX
x*+2 x?+2 X2 +2

= P_. =2 khi vachikhi x=2

b) + Tacd: P=

3x2—4x+8  5(X*+2)—-2(x+1) o 20+
X242 x?+2 B x?+2
= P__ =5 khivachikhi x =—1

+ Taco: P= <5, VX
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Chuyén de

Phwong trinh, Hé Phwong Trinh

Cau 1. (Truong chuyén tinh Bdc Giang nam 2020-2021)
1. Giai phuong trinh  (X+1)v/x—-1+5x=13.
X} —xy+2x*-2y=0

2. Giai h¢ phuong trinh: (x+y-2)Vx+1

=y(x—5)+9x—5'
X—2

Lai giai
1. Giai phuong trinh  (X+1)v/x—-1+5x=13.
< (X+1)+/x-1=13-5x

Diéu kién: x-1>0< x>1va 13-5x>0< x<§
Nén 1< x<§

& (x+1)?Vx-1 = (13-5x)*

& X+ X2 —x-1=169 -130x + 25X

& X —-24x* +129x-170=0

& X —17x* - 7x* +119x+10x-170=0

& X(X*=7x+10)-17(x* =7x+10) =0

& (X=17)(x* —=5x—2x+10) =0

< (X-17)(x-5)(x-2)=0

<X =17,X,=5X,=2

Déi chiéu DK trén ta co6 X =2 la nghiém cua phuong trinh.
X} —xy+2x> -2y =0

2.9 (x+y-2)Vx+1
X—2

=Yy(X-5)+9x-5

Diéu kién: x> -Lx#2

Xét x®—xy+2x* -2y =0 x(x*-y)+2(x°~y) =0

[x = —2(loai)

< 2

X =Yy

Thé x2 =y vao phuong trinh (X+y 2) x+l_ =y(x—5)+9x-5 taco:
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(X+ x> =2)Vx+1

=Xx*(Xx=5)+9x-5

X—2
= (x—1)(>)<(+_22) x+1_ (X—1)(x*—4x+5)
X =1(TM)
d % ‘2X+1:(x2—4x+5)

Xét % ”2”1: (X*—4x+5) < [(x+ D) +1Vx+1=[ (x+1)* +1](x-2)

pit: Vx+1l=a;x-2=b taco phuong trinh:
@+la=(b*+1)b

o a’+a-b*~-b=0

< (a—b)(@*+ab+b*+1) =0

<a=b

SX+l=x-2 x+1=(x-2)°

& x°-5x+3=0

513, _5+413

Phuong trinh c6 hai nghiém la: < X, =

2 TP 2
Lacdo vy, = (6-VI3)" \/_) Y, @
Vi <:>X3 =1:y3:1
Vay hé phuong trinh c6 nghiém la: (1;1); (5 \/— (5 \/—) )(5+\/— (5"‘\/_) )

CAu 2. (Truong chuyén tinh Bdc Ninh vong 2 ndm 2020-2021)
X’y +2x*+3y =15

Giai h¢ phuong trinh .
> PAUONS {x4+y2—2x2—4y:5
Loi giai

Xy +2x° 3 15 X 2)+3 2)=21
Ta co: y+ oY= & 4(y+2)+ (y+ 2)
x'+y’-2x* -4y =5 X" =2x"+1-1+y" -4y+4-4=5

n (y+2)(x* +3)=21
(x*-1) +(y-2)" =10

bat u=x*-1;v=y-2,hé (1) tré thanh: {(

(1)

u+4)(v+4)=21
u?+v? =10

(1)
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et e

u’+v> =10 (u +v)2—2uv:10
u+v=2
(u+v)2+8(u+v)—20=0<:> uv=-3
uw+4(u+v)=>5 u+v=-10
uv =45
o ju+v=2 . . ) .
+) Vi W 3 thi u,v 1a nghiém cta phuong trinh t* —2t—3=0.suy ra (u,v) la
(-13);(3;-1).
. |U+v=— . . . .
+) Vi {uv—45 thi u,v la nghiém cua phuong trinh t* +10t—45=0 suy ra (u,v) la

(-5+4v5;-5-45);(-5-45;-5+45).
Vay hé (11) c6 cac nghiém la: (-1;3);(3;-1);
(-5+4v5;-5-45);(-5-415;-5+415).

+ Vi u=-1 X' ~1=-1 x=0 Nghiém 0;5
I = = . 1 X;y)=(0;5).
© v=3 y_2:3 =5 ghie ( y) ( )

u=3 2 1= X=22
+ Voi = X 3 = . Nghiém (2;5);(-2;5).
v=-1 y—-2=-1 y=5
B {u=—5+4\/§ {x2—1=—5+4J§ {X=J_m/4\/§_4
+ Vi =

s
v=-5-45 |y-2=-5-45 y=-3-45
,_{u=—5+4\/§ {x2—1=—5—4J§ {x2=—4—4\/§
+ Vi

= =
v=-5-4/5 |y-2=-5+45 y=—-3+4/5
Vay hé (1) c6 5 nghiém.

. C6 hai nghiém.

. V6 nghiém.

Cau 3. (Truong chuyén tinh Binh Duong nam 2020-2021)

Giai phuong trinh (\/x+ 2020 —/x — 2019)(1+ X+ x— 2019.2020) = 4039
Loi giai

(\/X +2020 —/x— 2019)(1+ N 2019.2020) =4039.

bKXD: x>2019.

Pit a=+/x+2020 (a>0),b=+/x-2019 (b>0).
Phuong trinh trg thanh (a—b)(1+ab)=a*—b?

< (a-b)(1+ab)=(a—b)(a+b) < (a—-b)(l+ab—a-b)=0
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a=b
< (a-b)(a-1)(b-1)=0<=|a=1.
b=1

+) Néu a=b < /x+2020 =+/x—2019 (v6 nghiém).
+) Néu a=1< +/x+2020 =1 x=-2019 (loai).
+) Néu b=1<+/x—2019 =1« x = 2020 (théa man).
Vay nghiém cua phuong trinh la X =2020.

Cau 4. (Truong chuyén tinh Dak Nong chuyén toan nam 2020-2021)
1. Giai phuong trinh 4+/x+1=x?—5x+14.

5 Gisi hé oh N X+4Yy+5=1
.Glal h¢ phuong trin
y+vVx+5=1
Loi giai
1. Giai phuong trinh 4v/x+1 = x* -5x+14.
bKXb: x>-1
4Jx+1=x*-5x+14
= 4JX+1-X-5=%x"-6Xx+9
2
leNX+D (x+5) _ (x=3)
AJX+1+x+5
—_— 2_ —_—
¢316x+16 X —10x 25_()(_3)2:0
AX+1+X+5
—x*+6x-9 2 —(x=3)° 2
o—— -3 =0 —-(x-3)° =0
A4X+1+X+5 (x=3) 4JX+1+Xx+5 ( )
-1 -1
& (x-3)| ———-1|=0 (do ————-1<0
( )(4J;11+x+5 J ( AJX+1+X+5 )

& (x-3)°=0<x=3

Thir lai X =3 la nghiém cua phuong trinh.

Vay phuong trinh ¢6 nghiém X =3

X+4y+5=1

y+J;:§=1.

Diéu kién xac dinh: x> -5;y > -5
x+J§I§:1a)

{y+\/x—+5 =1(2)

= X+ \/m —y—Jx+5=0

& (X+5)—(y+5)+ ({/y+5-/x+5)=0

2.Giai hé phuong trinh { *)

Lién hé tai liéu word toan SPT va zalo: 039.373.2038 TAI LIEU TOAN HOC



& (Vx+5 —/y+5)(/x+5 +/y+5) + ({Jy +5-/x+5) =0
& (VX+5—Jy+5)(/x+5+,/y+5-1) =0
Jx+5-,Jy+5=0 Jx+5=.[y+5
N y+5—1—o©{ﬁ+ yi5=1
Xét MZWQX:y thay vao phuong trinh (2) ta co:
y+y+5=1cJy+5=1-y, didukién -5<y<1
y=-1(TM)
y=4 (KTM)

=S y+5=1-2y+y’ < y2—3y—4=0<:{

Véi y=-1=x=-1.

Xét Vx+5+,y+5=1< /y+5=1-/x+5
(1) tré thanh x+1-+/x+5=1</x+5=x, dicukién 0<x,0<+/x+5<1

X_1+\/ﬁ
2

1-21
2

(KTM)
o xP-x-5=0<

X =

(KTM)

Vay tap nghiém cua (*) 1a: S ={(-1,-1)}.

Cau 5. (Truong chuyén tinh Ha Tinh nam 2020-2021)

Lién hé tai liéu word toan SPT va zalo: 039.373.2038

. x'—2x’y =1
1. Giai h¢ phuong trinh .
2x° +y? -2y =2
2. Giai phuong trinh 2(X—2)+/x+2 =-x"+3x+3
Loi giai
x'—2x’y =1

1. Giai h¢ phuong trinh .
{ZXZ +y?-2y=2

{x“—szy:l X' —2x’y+y  =1+y° (xz—y)2:1+y2 (1)
o o

2 +y'-2y=2 " [2(X*-y)+y=2 2(x*-y)+y* =2(2)
Cong vé theo vé ta duoc: (x* —y)2 +2(X*—y)+y’ =14y’ +2
<:>(x2—y)2+2(x2—y)=3

t=1

bt x> -y =t, ta thu duoc t* +2t-3=0 <:>(t+3)(t—1):0<:>[t_ 3

+) Véi t=-3 hay x* —y =-3 thay vao (2) ta duoc:

Website:tailieumontoan.com
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=22

x? =-3+242 <0 (V0 1Y)
=22
2-_3-2/2<0 (Vo ly)

+) Véi t=1 hay x* -y =1 thay vao (2) ta duoc:

et

21+y* =2 y’=0 y=0 x=1

= o, e

X —y=1 X¥—y=1 [x*=1 y=0
X=-1

Vay nghiém (x;y) thoa man phuong trinh 1a (1;0) hodc (-1;0).

2. Gigi phuong trinh 2(x—2)Vx+2=-x*+3x+3  (*)

Diéu kién xac dinh: x> -2.

(*) = x* =3x+2(x-2)Vx+2 =3

<:>(x2—4x+4)+2(x—2)ﬁ+(x+2)=9.

c>(x—2+\/m>2:9
X—2+Jx+2=3 X+4/Xx+2=5

<:>[x—2+\/F:—3<:>[

) THL: x+VXx+2=5=>Vx+2=5-x (1)

X+ X+2=-1

X<5

X<5 11-+/29
1) oVx+2=5-x < = J29 < x=
@ {x2—11x+23:0 X=11i2 29 2

+) TH2: X+/X+2=-1<x+2=-1-X @)

x<-1

) IS
X“+x-1=0 X =

(2) = x+2=—1—x<:>{

Vay phuong trinh da cho c6 2 nghiém phan biét x = !

N
5
©

Cau 6. (Truong chuyén tinh Long An nam 2020-2021)
Giai phuong trinh: X2 +24/X—1-2xv/2—x+1=0 .
Loi gidi
Diéu Kién x4c dinh :1< x <2
V6i diéu kién trén, phuong trinh da cho tuong duong véi

(x2—2x\/2—x+2—x)+(x—1)+2\/x—1+1:1
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& (x—v2—x) +(Vx-1+1) =1

Ta c0:

(x—\/2—x)2 >0 Vxe[1,2]

(Vx—1+1) >1vxe[12]
Jx—1+1-1 ‘

VAT L X~ 1(théa man didu kién xdc dinh)
X—42-x=0

Vay phuong trinh ¢6 nghiém la x =1.

CAu 7. (Truong chuyén tinh Lam Déong nam 2020-2021)
X2 +2x-1-2xJ2-x+1=0
Loi giai
Diéu kién xac dinh :1< x <2
V6i diéu kién trén, phuong trinh da cho tuong duong véi

(x2—2x\/ﬂ+2—x)+(x—l)+2\/x_—l+1:1
& (x—v2—x) +(Vx-1+1) =1

Ta co:

(x~v2—x) 20 vxe[L2]

(Vx—1+1) >1vxe[1,2]
Sx—1+1-1 ‘

VAT L X~ 1(théa man didu kién xdc dinh)
X—+2-x=0

Vay phuong trinh ¢6 nghiém la x =1.
Cau 8. (Truong chuyén tinh Lang Son nam 2020-2021)

Giai phuong trinh VX -3 +3/x+4 =3.

Loi giai
Jx-3=a
bat (PK :x23;a>0)
Ix+4=b
a+b=3 a=1 |Vx-3=1
= < =
a’-b*=-7  |b=2 |3xt+4=2

Vay phuong trinh da cho c6 nghiém la x=4.

Cau 9. (Truong chuyén tinh Nam BPinh nam 2020-2021)
a) Giai phuwong trinh 2x? + X +3 =3x+/x+ 3.

Lién hé tai liéu word toan SPT va zalo: 039.373.2038

< X =4 (thoa man diéu kién).

TAI LIEU TOAN HOC



Website:tailieumontoan.com

2
J2x+ 1442y 1= (X_zy)

(X+y)(x+2y)+3x+2y=4

b) Giai h¢ phuong trinh

Loi gidi
a) bKXb: x>-3
2X% + X+3=3x/X+3

:>(2x2+x+3)2:(3x\/x+3)2
< 4x* —-5x° ~14x* +6x+9=0
< 4x - 45+ X3+ x* —15x* +15x—9x+9=0
& (x-1)(4x° - x* -15x-9) =0
& (x-1)(4x° +3x* - 4x* —3x-12x-9) =0
& (x=1)(4x+3)(xX* =x-3)=0
-3
x=—(1
20
4x+3=0 x=1
< | x-1=0 < X_1+\/1_3
x*—x-3=0 2

x=1‘f?’(l)

Thir nghiém véi két hop véi diéu kién xac dinh ta c6 tap nghiém cta phuong trinh 1a:

S:{l 1+x/1_3}

2

b) DKXD: xz_?l,yZ—

\/2x+1+\/2y+1=% @

(x+y)(x+2y)+3x+2y=4 (2)

Phuong trinh (2) twong duong vai:
(x+y)(x+2y)—(x+2y)+4(x+y-1)=0
(x+y-1)(x+2y)+4(x+y-1)=0
(x+y-1(x+2y+4)=0

X+y-1=0

{x+2y+4=0

x=1-y
Cj{x=—4—2y
Xét x =1-ythay vao phuong trinh (1) ta c6 phuong trinh (1) thanh:
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J2(L-y)+1+/2y+1=

(1-2y)*
2

(1-y)-y)’
2

J3-2y +42y +1=
batt=1-2y phu’omg trinh tr¢ thanh:

\/—t+\/ﬁ_

S 4+ 24—

<16-t* +8\/4—t2 =0
4-t2 (\/4—t2 (4+t2)+8)=0

oAt = O(VI( 4+t +8 >0)

2
L

-1
=2 1-2y=2 5
= =
=-2 1-2y=-2 ,-3
2
-1 3
Vi _—thl X=1l-y=1-—==
Y772 y=t-5=3
. 3 ... 3 1
Voi y==thi x=1-y=1-—==
oLy > y 5%

Xét x+2y+4=0:
Vi xz_?l,yz_?lnén X+2y+4>25

Nén x+2y+4 =0 thi hé phuong trinh v6 nghiém.
Vay tap nghiém cua hé phuong trinh la:

~(xy)= -13)(3 -1
' 2'2)(2"2
Cau 10. (Truong chuyén tinh Phu Tho nam 2020-2021)

a) Giai phuong trinh: 5x* +6x+4 =3(x+1)v3x* + 4.

X2 +2+y2 +2xy =11y

b) Giai hé phuong trinh: .
) ¥ PIUong {y(2x+y)2:2x2+13y+4

Léi giai
a) Giai phuong trinh: 5x + 6x+4 = 3(x + )\/3x* + 4
Phuong trinh twong duong: 3x* +4 —3(x +1)\/m +2x2+6x=0
it t=/3x +4 =2 ~3(x+ Dt +(2x +6x) =0
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Tacd A=9(x+1)° —4(2x* +6x) =X’ —6x+9=(x—3)*. Do d6 t=2x
' t=x+3
: , 2 x>0

VéGi t=2x tacd V3X*+4 =2x & 2 4_0<:>x:2
X>-3 +

Voit=x+3tacd V3’ +4=x+3< , @X:3—\/E
2X°—6x-5=0 2
31419

Vay phuong trinh ¢6 nghiém la x = 2;x = >

X2 +2+ Yy +2xy =11
b) Giai h¢ phuong trinh: et yz " X y
y(2x+y)  =2x"+13y +4
+Vo6i y=0 (khdng thoa mén)

+ Xét y # 0. Hé phuong trinh twong duong

X2+2+2x+ =11
{x2+2+2xy+y2_11y y V=
=
2x+Yy)? =2(x*+2)+13 2(x*+2
y(@x+y) ( ) y (2x+y)® ( )+13
y
x> +2 u+v=11 u=>5 u=-7
bat u=2x+y,v= =3, = v :
y u--2v=13 V=6 v=18
X=2
. [u=5 [2x+y=5 y=1
Vi =1, = .
V=06 X" +2=06y x=-14
y=33
X=-4
.. lu=-=7 2X+y=—7 2X+y=—7 y=1
Vi =" 9, .
v=18 X“+2=18y X" +36x+128=0| {x=-32
y =57

Vay hé phuong trinh c6 nghiém la (2;1);(—4;1);(-14;33);(-32;57).
Cau 11. (Truong chuyén Quang Nam chuyén nam 2020-2021)
a) Giai phuong trinh: (\/Z—X +1)2 =3x+1.
R X +y +xy+x=5
b) Giai h¢ phuong trinh: ,
XY+ Xy + Yy +5Xx+Xy+5y=2.
Loi giai

a) Taco: (V2—x+1) =3x+1(1)
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L f2=x20 | X*<%2 4
bieu kién: < 1< —<Xx<L2.
3Xx+1>0 ng 3

(1) & 2-x+1+22-x =3x+1
<:>2\/ﬂ:3x+1—3+x
o 2J2-x=4x-2
o2-x=2x-1

iSXSZ
=<2

2-X=4x*—4x+1
& 4% -3x-1=0
< (x-1)(4x+1)=0
< (x-1)=0 hoac (4x+1)=0

— X =1 (thoa mén) hogc x = _Tl(loai)

Vay nghiém ctia phuong trinh lax =1.

. x>+ y?+xy+x=5(1)
b) Giai hé phuong trinh:
Xy +xy’ +y? +5x+Xxy +5y =2.(2)

X2+ Yy +xy+x=5
Xy(x+y)+y(x+y)+5(x+y)=2

=

=

X+ Yy +xy+x=5
(xy+y+5)(x+y)=2

= (xy+y+ X +y*+xy+x)(x+y)=
<:>[x+y +x+y}(x+y)=
< (x+ ) (x+y) -2=0
Pat (x+y)=a Tacé a’+a’-2=0=(a-1)(a’+2a+2)=0
V‘I(a2+2a+2):(a2+2a+1+1):(a+1)2+1>0Nén a-1=0<a=1hay x+y=1
= (x+ y)2 =l xP+y?+2xy =1= x*+y® =1-2xy thay vao (1)taco:
1-2xy+xy+x=5=-xy+x=4=x(1-y)=4 Ma x+y=1=x=1-y.Néntaco:
(1-y)' =4=(1-y) =22=1-y=2 hogc 1~y =-2
Truonghop 1: 1-y=2=y=1-2=-1=x=1-y=1-(-1)=2.

Truonghop 2: 1-y=-2=>y=1+42=3=>x=1-y=1-3=-2.
Vay h¢ phuong trinh ¢6 nghiém la: (x,y)e{(2-1);(-2:3)}.
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Cau 12. (Truong chuyén tinh Phii Tho Chuyén Toan nam 2020-2021)
(x+m)(y+g+¢mJ:
X' +2(3-8y)x* +16y-7=0
Loi giai
pt(1): X+ +3 =—(2y +1) +4/(2y +1)° +3
+M)+ (2y+1)" +3—-(2y +1)
X2+3+W
(x+ﬁ)+ (2y+1)2+3—(2y+1)
\/)(27+3+\/(2y+1)2+3

Thé 2y = —1—xvao taco
pt(2): x* +8x° +14x* —~8x~15=0 < (X" ~1)(x* +8x +15) =0

Giai hé phuong trinh

=0

< (x+2y+1) (X

Do >0=x+2y+1=0

x=1

Xx=-1
=

X=-3

| X=-5

Vay hé phuong trinh c6 nghiém 1a:(L;-1);(~10);(-3;1);(-5;2)
Cau 13. (Truong chuyén tp Ho Chi Minh niam 2020-2021)
a) Giai phuong trinh v/2X% + X+ 9 ++/2x2 =X +1 =X+ 4.

y? —2xy =8x* —6x+1

b) Giai hé phuong trinh
y> =x3+8x% —x+1

Léi giai

a) V2x2 +X+9 +v2X  —x+1=x+4

bit a=v2x*+x+9>0, b=+v2x>-x+1>0.

Taco: a’ —b® =2x+8=2(x+4). Tir phwong trinh da cho, ta dugc:
a’-b*=2(a+h)
< (a-b)(a+b)=2(a+b)

2
<a-b=2 [do a=+2x>+x+9 :\/2(x+%j +%>0 nén a+b>0].

Nhu vay:
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V2 +X4+9 = V2 =X +142= 22 + X+ 9= 2X% =X +1+4V2X2 =X +1+ 4

:>x+2=2\/2x2—x+1:>x2+4x+4=4(2x2—x+1)

x=0

= 7x*-8x=0= 8
X=—

-

Thu lai, ta suy ra phuong trinh da cho c6 tap nghiém S = {O;g} .

1 y?—2xy =8x*—6x+1 (1)
y2=x>+8x* —x+1 (2)

(1)< (x- y)2 = (3x—1)2 c{

THL: y=1-2x.

X—y=3x-1 y=1-2x
&
X—y=1-3x y=4x-1

Thay y =1-2x vao (2) ta duogc

(1—2x)2 =x*+8x° —x+1
S1-4x+4x7 =x* +8x* —x+1
<X +4x°+3x=0
& x(x2+4x+3)=0
x=0
x> +4x+3=0
x=0
S x=-1

=

X=-3
Do d6 trong truong hop nay ta tim dugc cac nghiém (x;y) e {(0;1),(—1;3),(—3; 7)}
TH2: y=4x-1.
Thay y =4x—-1vao (2) ta duoc
(4x-1)" = x* +8x* —x+1
< 16x* -8x+1=x>+8x* —x+1
& X -8x*+7x=0
<:>x(x2—8x+7):0
[x=0
| x?=8x+7=0
'x=0
< x=1

=

_x=7
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Do d6 trong truong hop nay ta tim dugc cac nghiém (X;y) e {(O; -1),(33),(7; 27)} .
Vay h¢ phuong trinh da cho c6 nghiém (x;y) € {(0;1),(-13),(-3;7),(0;-1),(1,3),(7;27)} .
Cau 14. (Truong chuyén tinh Ninh Binh nam 2020-2021)
a) Giai bat phuong trinh VX +1—-+v/4—-x <1.

X? =2y +xy+x-y=0
b) Giai h¢ phuong trinh { , 2/ y y

X +y =10

Lai giai

X=y

Cé 2—2 2 -y=0 — 2 1)=0
a) 0 X y +Xy+X y <:>(X y)(x+ y+) <:>|:X=—1—2y

+) Truong hop 1: thay y = x vao x* +y* =10 ta dugc 2x? =10 < X = +4/5
+) Truong hop 2: thay X = —1-2y vao x* +y* =10 ta duoc

y=1
(-1-2y)’+y* =10 =5y* +4y-9=0< 9

=75

Vay hé c6 4 nghiém (x;y) e {(\/g;x/g), (—/5;—/5),(-3:2), (§;%9)}'
b) Piéu kién: —1<x<4.

X +1-a—x <1@(\/m—2)+(1—\/E)<0

o_X=3 ,_x3 <0<:>(x—3)[ 1 1 j<0<:>x<3
VX+1+2 1++4-X VX+1+2 1++4-X

Doi chiéu DK tap nghiém ciia bat phuong trinh 1a: [-1;3)
Cau 15. (Truong chuyén tinh Vinh Phic nam 2020-2021)
a) Giai phuong trinh V2x+3-2x+1=-1

. 4x 5x 3
b) Giai phuong trinh + -
) P 8 x?+Xx+3 x*-5x+3 2

X2+ Xy +X=4
c) Giai hé phuong trinh x2+y2—£2=4—2xy
X
Léi giai
a) Diéu kién xac dinh: x>-1
Phuong trinh: v2x+3 - 24X +1=-1</2x+3+1=2/x+1
<:>2x+3+1+2mz4(x+1)
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x>0

2X+3=x?

<:>2x+4+2\/2x+3=4x+4<:>\/2x+3=x<:>{
x>0 x>0

< &
x*—2x-3=0  |(x+1)(x=3)=0
x>0

S x=-1<x=3.
Xx=3

Vay phuong trinh c6 nghiém duy nhat x =3,
X +x+3=%0

a) Bicu kién xac dinh 1)

X*-5x+3%0

+) Nhan xét: x =0khéng la nghiém cua phuong trinh.
+) Véi x #0: Khi d6 phuong trinh viét duoc thanh

4 5 _3_ 4 5 3
2 2 -5 ==
X+x+3 x'-5x+3 2 4.3 .3 2
X X X X

batt=x+1+ 3 , thay vao phuong trinh trén ta duoc:
X

4,0 .3 A'(t_—6)+5t=—g & 8t-48+10t =-3t° +18t < 3t* =48 = t = +4.

t -6 2 t(t—6)

Véi t =4, taco: x+1+§:4<:>x2—3x+3:0 vO nghiém do A=(—3)2—4.3=—3<0.
X

Véi t =—4, ta co: x+1+§:—4© x*+5x+3=0,tacd A=5"-4.3=13>0 suy ra phuong trinh

X
_—5+\/1_3

¢6 hai nghiém phan biét x, = %; =

5-V13  _-5+413
2 T '

So sanh véi diéu kién (1) ta dwgc phuong trinh ¢ hai nghiém x = 5

c) biéu kién x=0.

X+ Xy+x=4 X(x+y+1)-4=0 x+y+1:§
x2+y2—£2:4—2xy<:> x2+y2+2xy—i=4<:> 2 5
X X (x+y) —7=4
x+y:;—1 x+y=§—1 x+y:§—1
=N ) & =N
faf s T s, Tne
X X x> X X x* X

Lién hé tai liéu word toan SPT va zalo: 039.373.2038 TAI LIEU TOAN HOC



Website:tailieumontoan.com

x+y:£—1
X

4 4
X+y=—-1 X+y=—-1
= X = X S| X

3x*+8x-11=0  [(x-1)(3x+11)=0 Lo 1

x=1
y=2

I
[

3

, 52

L 33
Vay hé c6 hai nghiém (x;y) 1a (1;2), (—1—;2_3

Cau 16. (Truong chuyén tinh Kin Tum nam 2020-2021)

1-+/x - 2019 +1—\/y ~2020 1-+z -2021 3 _ . (%)
X — 2019 y — 2020 z -2021 4

Léi giai

Giai phuong trinh

Diéu kign: x > 2019; y > 2020; z > 2021
Dit a=+/x — 2019; b=,y — 2020; c=+/z — 2021
(vé6i a>0, b>0,c>0)

Khi 6 (**) tro thanh 22 1P, 1°¢ 3
a b c 4

1 11 1 11 1 11
S| ——t— |+ -+ [+ =+ =0
a® a 4 b b 4 cc c 4

[1 1)2 (1 1}2 (1 1}2

S| === 4| === +|=-=]| =0

a 2 b 2 c 2
Sa=b=c=2

Suy rax =2023;y = 2024; z = 2025.

Cau 17. (Truong chuyén Lam Son 2020-2021)

1. Giai hé phuong trinh 1+ L :i.
Jx2-1 12x

0

. Xy —3y = 4x° +3x+3
2. Giai h¢ phuong trinh
y® +4y+18=T7x" +16X
Loi giai
s i x>1
1. biéu kién xac dinh [
Xx<-1

- Néu x <—1 thi phuong trinh v6 nghiém do hai vé trai dau
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2 2
. . 5
- Néu x>1 thi phuong trinh twong duong voi x + X 35 (X—i—L) = (3 j .

Y _
Jxi-1 12 VX -1 12
, X X2 1225 x* x> 1225
S X+ ——+2 = & ——+2 - =
-1 x2-1 144  x*-1  [x2_1 144
2 2
bat t= >0 phuong trinh tr¢ thanh t2+2t—%=0 <:>(t+1)2—(£j =0 (:)t:E (do
X2 —1 144 12 12
t>0)
2 25 Xzzé X:iE
Khi d6 =22 25X _1=12x% < 144x* —625x2 +625=0 ) o 3
x*-1 12 , 25 5
16 4

Két hop didu kién x >1 thi cd x =§ va x =% |l c4c gia tri thoa man

Vay phuong trinh da cho c¢6 hai nghiém x = g va X = % .

2. Nhan phuong trinh dau véi 2 rdi trir di phuong trinh thi hai vé véi vé ta duoc
2xy —y> =10y —18 = x* —10x+ 6 < x* —2xy + y* —10x+10y +24 =0
& (x—y-5) =1 x—y-5==L1.

-Néu x—y—-5=1< y=x-6, thay vao phuong trinh dau ta duoc

X(x—6)—3(x—6)=4x"+3x+3 < 3x*+12x-15=0 c{i:—s
V6i x=1suy ra y=-5, nén h¢ phuong trinh c6 nghiém (x;y)=(1;,-5).

V6i x=-5 suyra y =—11, nén h¢ phuong trinh c6 nghiém (x;y)=(-5;-11).

-Néu x—y—5=-1< y=x-4, thay vao phuong trinh dau ta duoc

. —5—32J1_3 o —32J1_3

=
L T5+2V13 | -17+2V13
-3 3

X(x—4)-3(x-4)=4x*+3x+3 = 3x*+10x-9=0 <

Vay h¢ phuong trinh ¢6 4 nghiém (x;y) la

(L-5), (-5;-11), £‘5‘ j\/ﬁ ol —32\/1_3 J {—5+ 3?\/1_3 17 +32J1_3 ]

Cau 18. (Truong chuyén tinh Binh Phudc nam 2020-2021)
a) Giai phuong trinh: 2x* —3x+/5x—4 +5x -4 =0.

4’y —xy’ =5

b) Giai hé phuong trinh:
)  PRTons {64x3 —-y¥=61

Lién hé tai liéu word toan SPT va zalo: 039.373.2038 TAI LIEU TOAN HOC



Website:tailieumontoan.com

Loi gii
a) bK: XZﬂ
5
X—+5x-4=0
(1) (x—Bx-4)(2x-Bx-4)=0 e
2X—+/5x—-4=0
0 x>0
X >
X=/5X-4 & X = x=1
X°—5Xx+4=0
X=4
x=0 o
2x=+5x-4 & ) (v6 nghiém)
4x° =5x—-4
Két hop véi diéu kién < x=1va x=4
. 4x°y—xy* =5
b) Giai hé phuong trinh : )
64x° —y* =61

x=0
{ 0 khong phai la nghiém cua hé phuong trinh.

xy(4x—-y)=5

Xét 0 (e
=0 (1) {(4x—y)(16x2+4xy+ y?) =61

4x—y:i @
& Xy

(4x— y)[(4x -y)° +12xy} =61 (2)

bit t =4x—y thay vao (2) taco:

t(tz +$j=61<:>t3—1=0<:>t=1:> Xy =5

. Xy =5 X=-1 x=§
Giai hé phuong trinh S hoac 4
4x-y=1 y=-5 y=4

Cau 19. (Truong chuyén tinh Hai Duong toan nam 2020-2021)
1) Giai phuong trinh: 5x° +3x+6 = (7X+1)v/x* +3

x2+y2+8i:16
2) Giai hé phuong trinh: X; y
\/x2+12+§ X+Y =3X+Vx*+5
Loi giai

1) Giai phuong trinh: 5x° +3x+6 = (7x+1)vx* +3
& 52 +3x+6—(7Tx+1D)Vx*+3=0
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=202 +3)— (x+ DVX2 +3+3x% +3x—6x3/x2 +3 =0
132V +3-x-1)-3x(2Vx¥ +3-x-1) =0
& (2 +3-x-)EX2+3-3x) =0
e ZM: Xx+1 hoac M=3x

Xx>-1
TH1: 2vx*+3 =x+1<3{

4x° +12 = x* +2x+1

0

Xx>-1
3x>—2x+11=0 (Hé vo nghi¢m)

TH2:
x>0
x>0 _~6
VX +3=3xe4 , & =7 @Xzﬁ
X +3=9x 4
6
X=——
4
Vay phuong trinh c6 nghiém la: x = ? .
x2+y2+8i:16 @
X+Yy

b) Giai hé phwong trinh:

M+g x+y=3x+\/m (2
DK: x+y>0
(1) & (x+ y).[(x+ y)? —2xy]+8xy =16(x +Y)
& (x+y)[(x+y)2—16]—2xy.(x+y—4):0
< (X + y—4)[x2+y2+4(x+ y)]:O & X+y—-4=0
(Vi x+y>0nén x*+y?+4(x+y)>0)
Thay x+y =4 vao phuong trinh (2 ) ta duoc :

X2 +12 +5=3x+4/x2 +5 < /X +12 —X? +5 =3x =5 (¥)

Nhan xét: VT>0 =VP >0 = x >§,

(*) ©Vx*+12-4=3x-6+x*+5-3

2 2
X" -4 _3(x_2)+ X" —4

<:>— -
VX2 +12 +4 ( ) VX?+5+3
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X=2=0=>x=2=y=2(TM)
Rt X+ 2 X+ 2

\/x2+12+4_\/x2+5+3

Vi x>§ =X+2>0,

VX2 412 +4>Ux*+5+3= X+2 < X+2
VX2 +12+4  NX*+5+3

-3<0, VX>E
3

—3=0(**)

X+ 2 x+2
m +4 m +3
= (**) v0 nghiém
Vay hé phuong trinh di cho c6 nghiém duy nhat (x;y)=(2; 2)
Cau 20. (Truong chuyén tinh Qudang Ngai nam 2020-2021)

Giai phuong trinh \/3X +1+ \/X +3=4,
Loi giai

g 1
biéu kién x > —§

VX +1 44X +3 =4 3X+1+X+3+2/(3x +1)(x +3) =16
< J(Bx+1)(x+3) =6-2x
= (3x+1)(x+3) =(6-2x)°

= X2 34x+33=0 {X =1
X =33

Thtr lai, chon X =1.
Cau 21. (Truong chuyén tinh Pong Thap nam 2020-2021)

1. Gii phuong trinh x* -2x*-3=0 .

2. Giai hé phuong trinh {X+m - 2y+\/ﬁ_1.

X +y*=34
Loi gii

1. Giai phuong trinh x* —2x>-3=0 (1).
Pit ¢ = x2, diéu kién >0
(1) tro thanh £ —2¢r-3=0

t=3

x=-1 (l)

Vi t:3<:>x2=3<:>x=ix/§

S

X+Vx+1 =2y+\/5—1 (1)

2. Giai hé phuong trinh .
x*+y? =34 (2)
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Diéu kién: x>-1; y>0.

(1) o Vx+1-\2y =2y-x-1
<:>x+1—2yz(2y—x—1)(ﬁ+\/5)

@(x—2y+1)(1+M+@):0@x=2y—1

y=3
Thay vao (2) ta duoc (2y—1) +y* =34 &5y ~4y-33=0=|  _1|

So véi diéu kién ta dwoc y=3,suyra x=5.

x=5

y=3

Cau 22. (Truong chuyén tinh Gia Lai nam 2020-2021)

Hé c6 nghiém {

o ' -6y’ —ay+2r—-y+1=0
Giai hé phuong trinh 5
20 -Ty =9

Léi giai
-6y —zy+2r—-y+1=0 < 2’ +(2—y):v—6y2 —y+1=0 (I)
Xem (I) 1a phuong trinh bac hai theo z, ta cé
A=(2-y) —4(-6y* -y +1) = 259"
Vi vay phuong trinh (I) ¢6 hai nghiém

~(2-u)+ P50

T = 5 - x=3y—1
—(Z—y)—\/25y2 r=-2y-1
- 2

Truong hop 1. z = 3y — 1 thay vao phuong trinh thir hai cua hé da cho ta duoc:
2(3y—1) ~7y=9 < 2(27y" ~ 27 +9y 1)~ Ty -9 =0
227y (y-1)+11(y-1) =0 <:>(y—1)(54y2 +11)=0 sy=1.
Truong hop 2: z = —2y — 1 thay vao phuong trinh thir hai cua hé da cho ta dugc:
2(-2y-1) ~Ty=9 = 2(8y° + 12" +6y+1) -7y -9 =0
& 16y° + 241> + 19y +11 = 0 < 16y° + 16 + 243> —24 + 19y + 19 = 0
o 16(y+1)(y2 —y+1)+24(y+1)(y—1)+19(y+1)=0
<:>(y+1)(16y2 —16y+16+24y—24+19)=0

y=-1

e (y+1)(16)2 +8y +11) =0 < 1647 + 8y + 11 = 0(un)

S y=-1
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Vay h¢ phuong trinh c6 nghiém (2;1),(1;-1)

Cau 23. (Truong chuyén Ba Ria Viing Tau nam 2020-2021)
a) Giai phuwong trinh /x* +3 = x++/2x-1.
X—=Yy+2=Xxy

b) Giai h¢ phuong trinh {(2_ X) yoxP Y

Loi giai
a) Didu ki¢n xz%. Khi d6 PT < X2 +3= X2+ 2X/2X 1+ 2X—1 <5 2X4/2X 142X -4 =0

Pjt t=+/2x-1,t>0, ta cé phuong trinh t* ~3+(t* +1)t =0 < (t-1)(t* + 2t +3) =0 > t =1.

Ta dugc V2x-1=1<2x-1=1< x=1.
Vay tap nghiém ciia phuong trinh 1a S = {1}.
X—y+2=Xxy @
(2-x)y=x*+y* (2)

X+y=-1

(1)+(2):>(x+y)2—(x+y)—2=0(:{xer=2

TH1: x+y=-1< y=-1-X, thay vao phwong trinh (1) ta dugc x*+3x+3=0 (v0 nghiém)
TH2: x+y =2« y=2-Xx, thay vao phuong trinh (1) ta dugc x=0=y=-1.

Vay hé phuong trinh c6 mét nghiém la (0;-1).

Cau 24. (Truong chuyén Yén Bai nam 2020-2021)

2
X"+ X
1. Gidi phuong trinh ———+2=X*+X+4.
VX2 +x+10

x> —4x+2y =0
2. Giai hé phuong trinh .
(2x-y?) +4-2y=0
Loi gidi
2

X2+ X
— 4+ 2=UX"+X+4.

1. Giai phuong trinh
VX2 +x+10
1) 39
) X+—=| +—>0
X“+x+10>0 2 4

bicu kién xac dinh: Rt thoa mén véi moi X e R.
X>+Xx+4>0 1YV 15
X+—=| +—>0
2 4
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+2=t

Pit t =X+ X+ 4 ,Didu kién t > 0. Phuong trinh tr& thanh

(t-2)(t+2) ~ B t+2 |
@W—(t—Z)—OQ(t 2)(\/m 1J_0

t=2 t=2
= = 1 (thoa man diéu kién).
VP +6=t+2 t=5

x=0
* Vit =2 tacod \/X2+X+4:2<:>|:

X=-1

*Voi t= % tacd Vx> +Xx+4 = % Phuong trinh v nghiém.
Vay phuong trinh ¢6 cac nghiémla X =—-1va x=0.

X° —4x+2y=0 )
2. Giai hé phuong trinh 2\2 .
(2x-y*) +4-2y=0 (2
Cong vé cua hai phuong trinh (1) va (2) ta duoc

(2x—y2)2+x2—4x+4:0

X=2 X=2 _ . [ x=2 3
& hoac . Thir lai ta thay thoa man.
2 2 y=2

Vay hé phuong trinh c6 nghiém duy nhat (2,2).
Cau 25. (Truong chuyén tinh Ha Nam nam 2020-2021)
xy® +4y° +8=x(x+2)
xX+y+3= &/ﬁ '

Léi giai

Giai hé phuong trinh {

biéu kién: 2y—120<:>y2%.

Phuong trinh (1) < (x +4)(y* —x+2)=0< )
x=y +2
Thé x = —4 vao phuong trinh tha 2 ta duoc
>1
y—1=3\/2y—1<:>{y <:>y=10+3\/ﬁ

(y-1*=92y-1)
V6i x=y* +2, thay vao (2) tadugc: y> +y+5=32y—1 (3)

Lién hé tai liéu word toan SPT va zalo: 039.373.2038 TAI LIEU TOAN HOC



Website:tailieumontoan.com

Ap dung bét dang thiac AM-GM ta c6

Y AEY+5= (P —y+ D+ Qy—D+5>Q2y—-1)+5>252y 1) >32y -1
Do d6 phuong trinh (3) v6 nghiém
Cau 26. (Truong chuyén tinh Hoa Binh nam 2020-2021)

a) Giai phuong trinh: 2X+2vx2 +5X + /X +5++/x = 25

(x=y)(y*~2y)=-1

b) Giai hé phuong trinh: ,
X=y +y=2
Loi giai
a) DK: x>0

Phuong trinh <> 2x+24/x(x+5)+\/x+5+\/;=25 (1)
Patt=vx+5+vx (120) =2x+2/x(x+5)=t* -5
t=5(TM)

D=t -5+t=25=t"+t-30=0<=
t=—6(KTM)

Vi t=5=+x+5+Vx=5 (0<x<25)
Giai phuong trinh ta dugc x =4 (TM)

b) xy? +y* —x* +xy —2x+y=0< (x+1)y* + y(x+1) - (x+1)* =—1

Xx+1=1 0
yo+y-x-1=-1

X+1=-1 an
yo+y-x-1=1

Giai (I) dugc cac nghiém (0;0);(0;-1)
Giai (I) dugc cac nghiém (-2;0); (-2;-1)

Cau 27. (Truong chuyén tinh Pién Bién nam 2020-2021)

2\/x—1+izl
y+3

Giai h¢ phuong trinh:

4% — —i:Y
y+3
Lai giai
L X>1
bieu kién:
y # -3
U=vx-1 2u+v=1 u=1 )
bat 1 (dieukienu>0) = & (théa man)
V=—"— 4qu-3v=7 v=-1
y+3
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Jx-1=1

X=2
=< 1 & { 4 (thoa mén). Vay HPT c¢6 1 nghiém (2;—4)

y+3
Cau 28. (Truong chuyén tinh Vinh Long nam 2020-2021)
x> +y?=13

a) Giai hé phuong trinh
X+xy+y=11

b) Giai phuong trinh V2 - X ++2+ X +vV4-Xx* =2.
Loi giai
S?-2P =13

a)Pbat S=x+vy, P=xy taduoc
) B3 y Y ’ {S+P=11

S—-7=P=18
. 52425-35-0 =
S—5—P=6
_ X+y=-7
Vi S=-7.P=18 <
xy =18

suyra X,y langhiém cta phuong trinh X?+7X +18=0 (vb nghi¢m)

: X+y=5
V6i S=5P=6<

Xy =6
. . . ) X =2

suy ra x,y langhiém cua phuong trinh X -5X+6=0& X =3
Vay tap nghiem S ={(2;3);(3;2)} .
b) Piéu kién —2<x <2

V2= X+V2+ X +V4=X* =2 N2—X+42+ X =2-~4-X°
:>(\/2—x+\/2+x)2 =(2—\/4—x2 )2 S A+ 20a—X =4— 44— X + 4%

& 6V4-x* =4-X

Pt t =v4-x*,(t=0)
N ) t=0 (n)
Phuong trinh trg thanh 6t =t° < t(t-6)=0<
t=6 (n)
X=2

Voit=0=+4- 2:0<:>4—x2:0<:{ )
X=—

Véi t =6 =+/4-x* =6 < x* =-32 (v0 nghiém)
Thur lai ta nhan nghiém x=2;x=-2

Vay tap nghiém S ={-2;2}.
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Cau 29. (Truong chuyén tinh Gia Lai nam 2020-2021)

a) Giai phuong trinh ~/2X? +5X+12 +~/2X? +3X+2 = X +5.
X +y?=4
(x+y)(16-x°y* —4xy)=2y°
Loi giai
a) DK: X>—5.Dit u=+/2x? +5x+12,v=+2x+3x+2 (u>0,v>0).
= Uu?-v2 =2x+10=2(x+5)=2(u+v)

b) Giai hé phuong trinh {

S U+V)u-v-2)=0<=u-v-2=0 (vi u>0,v>0).
Do d6 v2X? +5X+12 =+/2X2 +3X+2 + 2

& 22X +3x+2 =%x+3

X+3>0

X>-3
= 2 e
(225 +3x+2) =(x+3) {7x2+6x—1:0
X>-3
x=-1
x=-1
= = 1
x=2 [*77
7

Vay phuong trinh c¢6 hai nghiém la x =-1,x = %

X +y° =4 @)

b) Taco {(X+y)(16_xzyz_4xy):2y5 (2)

Thay (1) vao (2) ta dugc: (X + y)[(x2 + yz)2 —xy? —(x2 + yz)xy:' =2y°

SX+y =2y o x=y.
X=y
Thay X =y vao (1) ta dugc {2 , 4<:>X:y=ix/§.
X pa—

Vay h¢ phuong trinh c¢6 nghiém la (\/E, \/E),(—\/E; — \/E) .
Cau 30. (Truong chuyén tinh Hai Phong nam 2020-2021)

a) Giai phuong trinh (:1: + 1) \/—x2 +2x+4+6 =3+ 2x.

xQ + y2 — 2:1::(/2
b) Giai h¢ phuong trinh {3 1
-4 == 2
Yy
Loi giai
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a)Pat a=x+1Lb=+-x*+2x+6;b>0

ab =3+ 2x ) b=a-1
Taduoc | , =(a-b) =1=
a‘+b° =4x+7 b=a+1
A x>0
Néu b =a-1, thay vao ta dugc: \/—X2+2X+6=x<:>{ , 3 0<:>X=1+;/E
X°—Xx-3=
X_—1+\/§
X X>-2 =
Néu b =a+1 thay vao ta dugc: V—X*+2X+6 =X+2 < , N 2
X“+x-1=0 _1-5
X=—mmm
2

Vay nghiém cua phuong trinh 1a x € {

—1+\@_—1—\/§_1+«/173
2 2 2

, X% +y? =2xy*
b) Véi didu Kién x,y =0 thi h¢ phuong trinh tr& thanh y =X
Xy +3y% = 2xy’

= x> —xy-2y*=0

X=-
:>x2+xy—2xy—2y2:O<:>(x+y)(x—2y):0<:>[x_2;/
£ X=-y X=-Yy x=1
Neu x=-y=< , , & = do x,y #0.
X+ X° =2X x=1 y=-1
9)
, X =2y N
Neu x=2y=y  ~ , & 5 & do x,y =0
4y +y =4yt ly=- 5
4 yzz

Vay h¢ phuong trinh ¢6 hai nghiém (X;y) e {(1; -1), (ggj}
Cau 31. (Truong chuyén tinh Nghé An nam 2020-2021)

a) Giai phuong trinh ZX(XZ + %j —3=3x*+X.
XX +y —xy—xy—-y=0

Ix+\y-1=2y-3x-4

Léi giai

b) Giai h¢ phuong trinh {

a) DPKXD: X =0

Ta c6 2x(x2+i2]—3:3x2 + X <:>2(x2+i2)—§:3x+1
X x*) X
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Ao o
ol

1 1 5
< X+—=-1hoic X+—=—
X X 2

1
TH1: X+—==-1¢< x>+ Xx+1=0 (vd nghiém)

X
1 5 X—l 1
TH2: X+ === 2x*-5x+2=0< _2(tm).VéyS={—;2}
X 2 2
X=2
>
XX+ Yy —xy—xy—y=0 (1) x20
b /x , PKXD: < y>1
X+y-1=2y-3x-4 (2 2y 3420

Taco: (1) <:>(x2 —~ y)(x— y+1)=0

y=x+1
A 2
y=X
TH1: y=x+1kéthopvsi PK X>0 tacé 2y —3x —4 = —x — 2 < 0(loai)

TH2: y = x? thay vao phuong trinh (2) ta duoc

X X —1=12x" —3x—4 & 2,[x(x* 1) = x* - 4x -3
2\/(x2 — x)(x +1) =(x2 —x)—3(x+1)
bt {a:\/x2 —X

(a>0,b>1),tac6 2ab=a’-3b° < (a+b)(a-3b)=0

b=+x+1
a+b=0 (ktm)
a-3b=0

Véi a—3b=0,taco VX —Xx=3Vx+1< x> -10x-9=0
Xx=5++/34 = y=59+10/34

=
x=5-+/34 (ktm)

Vay nghiém ciia hé phuong trinh 1a (X; y) = (5 +/34; 59 +10+/34 )
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Cau 32. (Truong chuyén tinh Nghé An dé dir bi nam 2020-2021)

a) Giai phuong trinh B(X3 +£j =Tx*+4x+7.
X

X* —y*—5x—y+6=0

b) Giai hé phuong trinh .
{w/x—ﬁ—z +2y=2x-5

Loi giai
a) PKXD: X =0

Taco 3(x3+£)=7x2+4x+7
X
1 7 1Y 1
<:>3(x2+—zj=7x+4+—<:>3(x+—j —6:7(x+—j+4
X X X X

2
<:>3(x+£) —7[x+£)—10=0
X X
<:>(x+1+1j{3(x+£j—10}=0
X X

1 1 10
< X+—=-1hoic X+—=—
X X 3

1
TH1: X+—==-1< x>+ Xx+1=0 (vd nghiém)

X
1 10 X—1 1
TH2: X+ —=—<3x*-10x+3=0< _3(t/M)VayS={—;3}
X 3 3
=3
0 X* —y>-5x—y+6=0 _2>0
JX=Jy—2+2y=2x-5 (2) y>0
Taco: (1)< (x—y-3)(x+y-2)=0
{x=y+3
=
X+y—-2=0

TH1: X =y + 3 thay vao phuong trinh (2) ta dugc \/y—\/§+1=1<:> y—\/§+1:1 (Thoa

man)

y=0=x=3
- =0
<Y \/y <:{y=1:>x=4

Lién hé tai liéu word toan SPT va zalo: 039.373.2038 TAI LIEU TOAN HOC




Website:tailieumontoan.com

TH2: Xx+y—-2=0,tr (2 suyra 2Xx—5>0 :XZ%

= X+ Yy—2>0 (loai)
Vay nghiém cua hé phuong trinh 1a(X; y ) € {(3; O),(4;1)}
Cau 33. (Truong chuyén tinh Quang Tri nam 2020-2021)
1. Giai hé phuong trinh {XZ =2y+3 .
y> =2x+3
2. Giai phuwong trinh x> +3— (X + 3)\/@ +2(x+1)=0.
Loi giai
DHE = x* -y =2(y-X) = (x=y)(x+y+2)=0
TH x=y. Ta duoc X* :2x+3<:{§i;1
Hé c6 nghiém (-1;-1);(3;3)
TH y=-x-2. Tadugc x* =2(-x-2)+3 < x=-1
Hé c6 nghiém (-1;-1)
Vay hé ¢6 2 nghiém (-1;-1);(3;3)

t=2
2) Pt t =+/x?+3 (t > 0). Ta dugc t* —(Xx+3)t +2x+2=0 N
t=2=+x*+3 =2« x==1 (théa min)
x>-1
t=x+1:>\/x2+3=x+1<:>{x_ < x =1(théa man)
Vay phuong trinh c6 2 nghiém x=+1.
Cau 34. (Truong chuyén tinh Quang Binh nam 2020-2021)
Giai phuong trinh Vz° +12 +5 =3z +V2* + 5.
Léi giai
Taco: VX*+12+5=3x+VX*+5 < Vx*+12 -4=3x-6+Vx*+5-3
2 2
X°—4 X°—4
o 3(x-2)t—
VX*+12 +4 ( )\/x2+5+3
<:>(x—2)[ X+2 _ X+2 —3J=0
X2 +12+4 x*+5+3
X=2
= X+ 2 X+ 2

3=0

VX2 +12 +4_\/x2+5+3_
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5
Tur phuong trinh da cho ta c6: \/X2+12—\/X2+5 =3X-5>0=x>—

X+2 X+2

V2 +12+4 X*+5+3
Vay phuong trinh ¢6 nghiém duy nhat X = 2.
Cau 35. (Truong chuyén tinh Quang Ninh nam 2020-2021)

2JX+y =y +y—X
Jy-1={x+3y+1-4

Léi giai

« 5
Dé dang chirng minh duoc : -3<0, Vx> 3

Giai h¢ phuong trinh

bK: y>21;x+y>0;x+3y>-1
2 x+y=y2+y—x<:>(1/x+y+1)2 =(y+1)2 <:>[

Jx+y=-y-2 (logido y>1)

JX+y =y x=y?—y (t/mdk) thay vao phuong trinh /y —1 = /x +3y +1—4 duoc
Jy-1=y-3(dky>3)

Bién d6i phuong trinh thanh y* —7y+10=0.

Giai phuong trinh duoc Yy, =2 (loaido dk y >3), y, =5 (t/m dk)

VX+Yy =Yy
JX+y=-y-2

x=20
Véi y =5= x=20. Vay hé¢ phuong trinh c6 nghiém {y 5
Cau 36. (Truong chuyén tinh Thai Nguyén nam 2020-2021)

(x+y) —2xy =5
Giai h¢ phuong trinh § y2 | y> 5

Xy 2
Loi giai
Ta co: Ta cd:
(x+y)2—2xy=5 (x+y)2—2xy=5
X4yt 5 )55
Xy 2 Xy 2
_{x+y=3
2— = 2: X :2
@(x+y) 2Xy 5<:> (x+y) 9<:> y
Xy =2 Xy =2 X+y=-3
Xy =2
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X=1

X+y=3 o 5
TH1: suy ra X, y langhiém cua phuong trinh X°-3X +2=0< X =2

Xy =2
Ta c6 hai nghiem (1, 2); (2,1).
X+y=-3 . ) X =
TH2: suy ra X, y langhiém cua phuong trinh X“+3X +2=0<
Xy =2 X =-2
Ta c6 hai nghiém (—1,-2); (-2,-1).
Vay hé phuong trinh ¢ 4 nghiém (1, 2); (2, 1); (—1,—2); (—2,—1).
Cau 37. (Truong chuyén tinh Thai Nguyén nam 2020-2021)

Gidi phuong trinh V16X% —1— 2/4x+1+/4x-1=2.
Loi giai

DK:le.
4

Ta co:

V16X2 —1— 24X +1++/4x-1=2
& J(4x+1)(4x—1) —2J/ax+1+/4x-1-2=0

S VAx+1(VAx-1-2)+Ax-1-2=0
< (Vax+1+1)(Vax-1-2)=0 ()

Do V4x+1+1> 0 voi moi xz% nén tur (*) suy ra

Vax-1-2=0<4x-1=4 < x=% (TM).
A ) o - 5
Vay phuong trinh ¢6 mot nghiém x :Z.

Cau 38. (Trueong chuyén tinh Thai Nguyén nam 2020-2021)
Ay +1)+24/x =4

Giai hé phuong trinh
> PATOTE xzy(2+2\/4y2+1)—\/x2—|—1=x

, Vol x,y e R.

Loi giai
XC(4y? +1) +2x =4 @)
xzy(2+2 4y? +1) —x+JX+1 ()

. . |x>0
D¢ thay { 0 Tir phuong trinh (2), ta c6: 2y +23+/(2y)* + :§+%,/%+1 (3)

y>

Taco
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u=2y>0
bat 1 0 . Tu (3),tacod

V=—>
X

U+UVUZ+1=V+VV +1 < u+u® +U% =v+v* + V2

2 2
(U+Vv)(u® +v° +1) }:0<:>u=v.
VU +u? 4V V2

Véi u=v, taco 2xy =1.

= (u—v){1+

Thay 2xy =1 vao phuong trinh (1), ta c6: X3 +X+2Vx—4=0 (4)
Pt t=+/x>0. T (4),taco t°+1* +2t—4 =0 (t-1)(t°+1* + + 2t +4) =0 = t =1 (do

P+t +t2+2t+4>0)
x=1
1

Véi t=1, taco \/§=1<:>x=1:>y=%. Vay .
y:
2

TAI LIEU TOAN HOC
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Chuyén de|(4)
Phwong trinh bac 2 va he thic vi-et

Cau 1. (Truong chuyén tinh Béc Ninh ndm 2020-2021)
Cho céc sé a,b,c thoa man didu kién a+b+c=6. Chang minh c6 it nhit mét trong ba
phuong trinh sau ¢6 nghiém x* +ax+1=0;x* +bx+1=0;x* +cx+1=0.
Loi gidi
Cho céc sé a,b,c¢ thao man diéu kién a+b+c=6. Chang minh c6 it nhit mét trong ba

phuong trinh sau ¢6 nghiém x* +ax+1=0;x* +bx+1=0;x* +cx+1=0.
Ta co: véi Va,b,c: (a+b+c)2 =a2+b2+cz—2(ab+bc+ca)£3(a2+b2+cz) suy ra

(a+b+c)’

(a+b+c)2<3(a2+b2+cz)<:> <a’+b%+c?.

Nén a*+b’ +c? 26—32:12. (*).

Gia st ba phuong trinh trén déu vo nghiém, suy ra:
A =a’-4<0 a’<4
A,=b?~4<0 b’ <4< a’+b’+c? <12. Mau thuan véi (*). Vay 6 it nhat mot
A,=c*-4<0 c’<4

trong ba phuong trinh trén c6 nghi¢m.

Cau 2. (Truong chuyén tinh Binh Duwong vong 2 nam 2020-2021)

Cho hai s6 thyc m,n khac 0 thoa man l+1 =%. Chang minh rang phuong trinh
m n

(x*+mx+n)(x* +nx+m)=0 ludn c6 nghiem.

Loi giai
Taco
l+1:1<:>2(m+n)=mn
m n 2

o, , x> +mx+n=0
Taco (x +mx+n)(x +nx+m)=0<:> .
x> +nx+m=0

Taco A, =m*-4n,A, =n*-4m.
Khidé A, +A, =m?+n®>—4(m+n)=m?+n*-2mn=(m-n)">0,vm,n.
Trong 2 biéu thirc trén A, va A, ton tai it nhit 1 A khéng &m. Vay phuong trinh d4 cho

ludn c6 nghiém.
Cau 3. (Truong chuyén tinh Ca Mau nam 2020-2021)
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Cho phuong trinh x* —2(m+4)x+m?-8=0 (m Ia tham s3)
a) giai phuong trinh khi m =1.
b) Tim m dé phuong trinh di cho c6 hai nghiém x,, X, va A= X +X, —3xX, dat GTLN .
Tim GTLN do.
Loi giai

a) giai phuong trinh khi m =1.

Voi m=1 ta co:

x2—2(1+4)x+(-1)"~8=0 < X’ ~10x-7=0 @{XZS_“\E

X=5+44/2

x=5-42
X=5+4+/2
b) Tim m dé phuong trinh d4 cho c6 hai nghiém x,,X, va A= x, +X, —3xX, dat GTLN .
Tim GTLN dé.

Dé phuong trinh di cho c6 nghiém < A =(m+4)" —m? +8=8m+24>0 < m> -3

Vay nghiém cua phuong trinh la [

Ap dung Vi-ét ta co:

X +X, =2(m+4)
XX, =m* -8
Ta co:

A=X +X, —3XX,
A=2(m+4)-3(m*-8)
A=-3m°+2m+32

2
A:—3(m—£j +9—7
3

2 2
Vi (m—l) 20:—3(m—1j <0> Asﬂ
3 3 3

Vay Adat GTLN :9?7<:>m=%.

Cau 4. (Truong chuyén tinh Dak Nong chuyén toan nam 2020-2021)
Cho phuong trinh bac hai: x> —2(m-1)x+2m—-4=0 (*) véi m la tham sb. Chiing to
rang phuong trinh (*) lu6n c6 hai nghiém phén biét x;x, voi moi gia tri cia m. Tim gia
tri nhé nhat caa biéu thac: A= X7 + X’
Lai giai
Cho phuong trinh bac hai: x* —2(m-1)x+2m—-4=0 (*) voi m la tham s6. Ching t6
rang phuong trinh (*) ludn c6 hai nghiém phan biét x;x, véi moi gia trj caa m. Tim
gid tri nho nhat caa biéu thic: A= X2 + 2.
Phuong trinh (*) 1a phuong trinh bac hai co:
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A'=(Mm-1)°+(2m—-4)=m*-4m+5=(m-2)>+1>0,vm
Vay phuong trinh (*) luén c6 hai nghiém phan biét.
Ap dung dinh ly Vi-et ta co:
X, +X, =2(m-1)
{ XX, =2m—-4
A=X+3% = (% +%,)" - 2%X,
= (2(m-1)° —2(2m—4) = 4m* —12m +12 = (2m +3) + 3.
Vi (2m+3)*>0,vm.
< (2m+3)°+3>3,Vme A>3,vm.

DAu bang xay ra khi va chi khi: (2m+3)?=0< m =_73.

Vay gia tri nho nhat caa A =3 khi va chi khi m:_?3.

Cau 5. (Truong chuyén tinh Long An nam 2020-2021)
Tim tat ca cac cgp so thuc (m,n) sao cho phuong trinh X +mx+n=0 c6 hai nghiém
X, X, théa man (1-x)(1-x,)=-2 , dong thoi phuong trinh 2x°+nx+m=0 c6 hai
nghiém x,,x, thoaman (2—x,)(2-x,) =§'
Lai giai
Xét phuong trinh : X* +mx+n=0
Vi phuong trinh ¢6 hai nghiém x;, X, nén theo hé thuc vi- ét, ta co:

+X, =—=-m
X+X=—

C
—=n
a

Taco: (1-x)(1-x,)=-2

XX, =

S 1-(X X%, )+ XX, =2

<l+m+n=-2

<om+n=-3 (1)

Xét phuong trinh 2x* +nx+m=0

Vi phuong trinh ¢6 hai nghiém X, x, nén theo h¢ thuc vi- ét, ta co:
-b n

X, + X, = ——
3 4 a 2
oy —C_m
374 a 2

Taco: (2—x)(2-x%,)=

Njw Nw

S A-2(X+ X, )+ XX, =
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m 3
S44n+—=—
2 2

m 5
SNt—=—2(2
> 2()

Tur (1) va (2) ta c6 hé phuong trinh :

m+n=-3
m=-1
m 5 <:>{
n+—=—— n=-2
2 2

Vay : (m,n)=(-1-2).
CAu 6. (Truong chuyén tinh Lam Déong nam 2020-2021)
Cho phuong trinh X* + mx+n =0trong d6 x 1a an s6, m, nla tham sé théa man m+n=4
Tim cAc gia trj cia m,n d phuong trinh c6 hai nghiém phan biét x,x, sao cho
X =X, + X
Lai giai
Taco:A=m’-4n
Phuong trinh c6 hai nghiém phan biét < A >0 < m*—4n> 0(*)
X, +X, =—-m(1)
X.X, =Nn(2)

Theo gia thiét X, =X, + X, < X =X, —MX, —N < X = X,(1-m)-n

Ap dung dinh li Viet :>{

Thay vao (1) taco : x,(1-m+m)-n=—-m< X,(2-m)=n—-m

Mam+n=4=x,(2-m)=4-2m< (2-m)(x,—2)=0

Néum=2=n=2=m>-4n<0(L)

=X,=2=2"+2m+n=0< 2m+n=—4

m+n=4 n=12

{2m+n=—4©{m:—8

Thir lai ta c6 ptr: x> —8x+12=0 c6 hai nghiém x, =6,x, =2 théa min yéu cau dé bai.
Cau 7. (Truong chuyén tinh Hau Giang nam 2020-2021)
Cho phuong trinh x> —(2m +1)x +m*> +2=0 (1) (v6i m latham s6 thyc).

a) Giai phuong trinh (1) khi m = 3.

b) Tim tit ca c4c gia tri cia m dé phuong trinh (1) c6 hai nghiém x,,x, thoa man diéu kién
1 <x <x,.

Loi giai

a) Khi m =3, phuong trinh (1) trg thanh x* —7x+11=0.
Taco A=49-41.11=5>0.
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Nghiém cua phuong trinh 1a X = hoac x =

7++/5 7-+5
2 2

b) Taco A=(2m+1)°-4.1.(m*+2)=4m—-7.
Phuong trinh (1) ¢6 hai nghiém x;, x, phan biét khi va chi khi A>0<m >% (@)

X +X, =2m+1

Véi diéu kién (*), theo hé thic Vi-et, ta co ,
XX, =m° +2

. ¥ —1+x,-1>0 +x,—-2>0
Khldé1<xl<x2@0<x1—1<x2—1©{1 5 rl 5

4
(=D, =D>0  |xx,—(x,+x,)+1>0

2m+1-2>0 m>l 1
2, 5o 111 0@ 2 Sm>—.
m +e—em—1+.1> m?>—2m+2>0

So véi diéu kién (*), ta nhan: m> %.
Cau 8. (Truong chuyén tinh Qudang Ninh nam 2020-2021)
Cho phuong trinh X* —2mx? + m* —2m + 2 =0 (m la tham sé). Tim m dé phuong trinh
c6 4 nghiém phan bigt X, X,, X;, X, thoamén X + x5 + xJ + x; = 24.
Léi gidi

Pit x> =t. Phuong trinh tré thanh t> —2mt+m* —2m+2=0 (*)
Dé phuong trinh da cho ¢6 bén nghi¢m phan biét thi pt (*) c6 hai nghiém phan biét t;;t, duong

A'=2m-2>0
St +t, =2m>0 S m>1

tt,=m*-2m+2>0

xf+x;‘+x§+xj:24<:>2(tf+t§)=24

& (L+t,) -2t =12 & m? +2m-8=0
Giai phuong trinh dugc m, =—4 (loai), m, =2 (t/m dk).
Céau 9. (Truong chuyén tinh Qudang Binh nam 2020-2021)

Cho phuong trinh: 2° —(m —1)z—m*+m—-2=0 (1) (véi m 1a tham s6).

3 3
. \ - = A 9 5 1 N A xl ‘,'UQ -7 .
Goi «,, «, 1 hai nghiém cua phuong trinh (1), timm dé Q =| =X | +| ~2 | datgiatri

1

I&n nhat.
Loi giai
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Xét ac=—m2+m—2:—(m2—m+2):—[(m—%)2+ﬂ<O,Vm

—> phuong trinh (1) ¢6 2 nghiém tréi ddu = () xacdinhva Q <0 Vm

3 3

3 3
Taco: ‘Q‘z(ij —{ﬁ] —|4] 1% (Do ﬁ,ﬁ cting dauy)
X, X, X,| % T, T,
Suy ra |Q|> 2 (theo C si)
= Q=2 =Q<-2 (do @ <0)
<=2 (do Q <
Q<-2
3 3
Q=—2<:>[£] +(£) =—2<:>(a:13+a:23) =0
xZ xl

<:>x1+x2=0<:>m—1=0<:>m=1

3 3
Vaym=1thi Q = [ﬁJ + {ﬁj dat gié tri Ion nhat.
x, x,
Cau 10. (Truong chuyén tinh Qudng Binh dé chung nam 2020-2021)
Cho phuong trinh: X* —2(M+1)X+m?—3=0 (2) (véi m la tham s3).
a) Giai phuong trinh (2) voi m=1.
b) Tim céc gia tri cia m dé phuong trinh (2) ¢6 hai nghiém X, X, thoa man:
X, + X, —2X.X, >5.
Loi giai
a) Vi m=1 ta c6 phuong trinh X* —4x —2=0 (3)
Vi A'=6> 0 nén phuong trinh (3) c6 hai nghiém phan biét
x1=2+\/€; X, =2-6
b) Phuong trinh (2) c¢6 nghiém khi va chi khi: A'’>0<2m+4>0< m>-2.
X, +X,=2m+2

Theo hé thac Vi-ét ta co: ,
X.X,=m" =3

Khi do: X7 + X2 —2%X, >5<> (X, +X%,) —4xx,~5>0

& (2m+2) -4(m*-3)-5>0

<8m+11>0<m >—% (théa man)
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N 1 \ s a2 2
Vay véi m >—§th| phuong trinh (2) c6 hai nghiém X, X,théa man: X, + X; —2X X, >5

Cau 11. (Truong chuyén Long An chuyén nam 2020-2021)
Cho phuong trinh: m(mzx— m—2) =8x+4 voi m latham s, m=2.
Tim tat ca gia trj cia m dé phuong trinh trén c6 nghiém nho hon —2.
Lai giai
m(m’x—m-2)=8x+4 < (m*-8)x=m’+2m+4 < (m-2)x=1
(Vi m*+2m+4=(m+1)"+3>0)
Phuong trinh c6 nghiém Xx = .
m-—2
1 2m-3

<2<
m-2 m-2

<0

Két luan %< m<2
Céau 12. (Truong chuyén tinh Hai Phong nam 2020-2021)
Cho phuong trinh 4n z 1a 2° — pz +¢ =0 (1) (Vi p;q 1acac sd nguyén td). Tim tat ca
c4c gia tri cia p va ¢ biét phuong trinh (1) c6 nghiém 1a c&c sé nguyén duong.
Loi giai
Diéu kién dé phuong trinh (1) ¢6 nghiém la A = p® —4q >0 (*)

. +X =
Ap dung dinh Iy Vi-et ta co {Xl 2= P
XX, =(

VOi XX, €Z".
Vi g la sé nguyén t6 nén x, =1 hoic X, =1
Néu x, =1 thi 1+X,=p va X, la cac sb nguyén t6 lién tiép, suy ra X, 1a s nguyén t6 chin nén
X, =0 =2; p=3. Tuong tu, néu X, =1thi x, =q=2;p=3
Tathdy g =2; p=3 théa man diéu kién (*) la cac gia tri can tim.
Céau 13. (Truong chuyén tinh Gia Lai nam 2020-2021)

Cho phuong trinh X* —2(m-1)x+2m-4=0, (véi m la tham s&) c6 hai nghi¢m

phan biét X, X,. Tim gi& tri cia tham s m dé x” +x> =3.
Loi gidi

Taco x, +X, =2(m-1),xx, =2m—4
X2+ X2 =3 (% +%,) —2x%, =3

Suy ra 4(m—l)2—2(2m—4):3<:>(2m—3)2+3=3<:>m=%.
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Vay ng thi X7 +x5 =3.

Cau 14. (Truong chuyén todn Vinh Long nam 2020-2021)
Cho phuong trinh x* —2x—2=0 c6 hai nghiém x,, x,. Khdng giai phuong trinh, hay tinh
gia tri cac biéu thuc:
) 2
X, +2X, X, +2X

a) XX, + XX,
Loi giai
+X,=2

Ap dung Vi-ét ta co {X1
X, X, =—2

Taco X X, +XX,° = XX, (xf + xzz) = XX, [(x1 +X, )2 - 2x1x2} = —2.[22 —~ 2.(—2)] =-16

X, =2X +2

b) Do x,, X, la hai nghi¢m cua phuong trinh nén <
X; =2X,+2

K K K RtX 2
X +2X, Xy +2% 2% 42+42X, 2%, +2+2%  2(X+X,)+2 22+2

Cau 15. (Truong chuyén tinh Pién Bién nam 2020-2021)
Cho phuong trinh: x> =5mx—4m=0 (véi m la tham sd).
a) Tim tat ca cé4c gia tri caa m dé phuong trinh c6 nghiém kép, tim nghiém do.

1
3

b) Chang minh rang khi phuong trinh ¢6 2 nghiém phan bigt X, X, thi:
x> +5mx, + m? +14m+1>0.
Léi gidi
Phuong trinh: x> —5mx—-4m=0.
a) Tim m dé phuong trinh c6 nghiém kép, tim nghiém do.
Taco: A =25m®+16m

m=0
Pé phuong trinh c6 nghiém kép thi A =0 < 25m? +16m =0 < 16
- 25
s om
+)m=0 nghlemkeplax1=x2=7=0
16 5m 8
+) M=—-— nghiémképla X, =X, =—=—=
) o5 gni¢ pla X =X 5 5

b) Chang minh riang khi phuong trinh c6 2 nghiém phan biét x; X, thi
x> +5mx, + m? +14m+1>0.
PT c6 2 nghiém phan biét x;; X, thi A =25m?+16m >0

va x* —5mx, —4m =0 < x° =5mx, +4m va X, + X, =5m
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Xét P =% +5mx, + m? +14m +1=5mx, +4m+5mx, + m* +14m+1
=5m(x, +X,) + m* +18m+1=26m* +18m+1
Suyra P=25m°+16m+m’+2m+1=A+(m+1)°>0 (vi A>0). Bpem.
Cau 16. (Truong chuyén tinh Hoa Binh nam 2020-2021)
Cho phuong trinh: X* + mx+m—1=0( m Ia tham sd)
Tim m dé phuong trinh ¢6 hai nghiém x,, X,thoa man: x,” +x,” —4(X, + X,) =5

Lai giai
A=m’—4(m-1)=m’*—4m+4=(m-2)*>0vm
Nén phuong trinh luén c¢6 nghiém vaéi moi m
Tace: X +X —4X +X,) =5 (X +X,)" =2x%X, —4(X +X,) =5(*)

X + X, =—M
Theo h¢ thuc vi ét ta co: {erz —m-1
(*) < (-m)*-2(m-1)-4(-m)=5=m’ +2m-3=0
Giai phuong trinh ta dwgc m, =L, m, =-3
Cau 17. (Truwong chuyén tinh Ha Nam nam 2020-2021)
Cho phuong trinh x* —2mx* +2m +6 = 0. Tim gia tri cia m dé phwong trinh c6 bdn nghiém
phan biét x,x,,x,,x, sao cho x, <x, < x; <x, va x, —2x, +2x, —x, =0.

Loi giai
Phuong trinh x* —2mx* +2m+6 =0. (1)
bat t=x2(t20), tacd: > —2mt+2m+6=0 (2)

Phuong trinh (1) ¢6 bn nghiém phan biét <> phuong trinh (2) ¢6 hai nghiém dwong phan biét
A'>0

t,t, &{P=2m+6>0<
S=2m>0

(3)

m*—2m—-6>0
m>0

Vi diéu kién (3), phuong trinh (2) ¢6 2 nghi¢m duong 0<1, <t,

=> phuong trinh (1) c6 4 nghiém phan biét: x, = —\/g <X, = —\/Z <Xx,= \/Z <x, = \/Z
Theo d¢ bai ta c6

X, =2x,+2x,—x, =0 x, —x, :2(x3—x2)

o\ =21 &1, =41,4).
e £ |t =2m
Theo dinh li Vi-ét, ta co: (5)
tt,=2m+6

Tur (4) va (5) taco: 5¢, =2m va 4t =2m+6 = 16m” —50m—150 =0
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Péi chiéu voi diéu kién suy ra voi m =35 thi phuong trinh (1) c6 4 nghiém thoa mén diéu kién bai
toan.
Cau 18. (Truong chuyén tinh Ba Ria Ving Tau 2020-2021)

Cho da thtc P(x)=(x—2)(x+4)(x2 +ax—8)+bx2 véi a,b 1a hai s6 thuc thoa man

a+b <1. Chimg minh phuong trinh P(x)=0 c6 bon nghiém phan biét.

Léi giai
2 2 2 2 2 2 2

P(x)=0< (X* +2x—8)(x +ax—8)+bx’ =0 < (X’ -8) +(a+2)x(x’ -8)+(2a+b)x* =0

e X =0 khong phai la nghiém ctia phuong trinh.

2 2
« Xx#0,PT @(X _BJ +(a+2)(X

X

2

]+2a+b:0
X

5 x? -8
batt=

, ta dugc phuong trinh t* +(a+2)t+2a+b=0

Taco A= (a+ 2)2 —4(2a+ b) =a’ —4(a+ b —1) >0 nén phuong trinh trén ¢ 2 nghiém
phan biét t, t,.
X’ —t,x-8=0 (1)
Do d6 phuong trinh cho < | |
X’ —t,x-8=0 (2)
Ta thdy méi phuong trinh (1), (2) c6 hai nghiém phan biét va hai phuong trinh nay khong
¢ nghiém chung nén phuong trinh cho c¢6 bén nghiém phan biét.
Cau 19. (Truong chuyén tin tinh Gia Lai 2020-2021)

Cho phuong trinh bac hai z° —2mz +m* —4m+1=0 (1) (mlatham sd).
a) Tim diéu kién ciia tham s6 m dé phuong trinh (1) c6 hai nghiém phan biét.

b) Tim tat c4 cac gid tri ciia tham s m d¢ phuong trinh (1) c6 hai nghiém phan biét 2, z, thoa

man \/331 (3:1:2 + 5:v1) + 1, (31’1 + 5:1:2) -3 =5.
Loi giai
a) Pé phuong trinh bac hai ¢6 hai nghiém phan biét thi A’ > 0
A :(m)2 —(m2 —4m+1) =4m -1

AN>0=4m-1>0 <:>m>i

1
Vay m > —.
ay 1
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b) Véi diéu kién m > i thi phuong trinh da cho c6 hai nghiém phan bi¢t = ;z, .

T +x. =2m

Theo Vi-éttaco ¢ ' * :
rx,=m —4m+1

$1(3:1:2 +5:z:1) + 1, <3x1 +5:1;2)—3 = 5(1:1 +$2)2 —4rz, -3
= 1, (3I2 +5a:1)+x2 (3961 +5x2)—3 = 5(2m)2 —4(m2 —4m+1)—3

=16m* +16m —7
\/371 (3332 +5:z:1)+a:2 (3371 +53:2)—3 =9

o V16m? +16m—7 =5 < 16m> +16m —32 = 0 <

So véi diéu kién ta nhan m =1
Céau 20. (Truong chuyén tinh Binh Phudc nam 2020-2021)
a) Tim tat ca cac gia tri cia m dé phuong trinh x> + mx+8=0 va phuong trinh
X2 +Xx+m=0 c6 it nhat mot nghiém chung.
b) Chtng minh rang véi a, b, ¢ 1a cac s6 thuc khac 0 thi ton tai it nhat mot trong céc
phuong trinh sau c6 nghiém
4ax’ +2(b+c)x+c=0 (1); 4bx*+2(c+a)x+a=0 (2); 4cx’+2(a+b)x+b=0 (3).
Loi giai
a) Tim tat ca c4c gia tri cia m dé phuong trinh x> + mx+8=0 va phuong trinh x> +Xx+m=0 ¢ it
nhat mot nghiém chung.
Gia str X, la nghiém chung cua hai phuong trinh
Khi d6 ta co: X2 +mx, +8=0 (1) va x. +%,+m=0 (2)
Suyra: (m-1)x, =m—-8 (3)
Véi m =1 ta duoc hai phuong trinh X* +x+8=0 va x?+x+1=0 déu vd nghiém.
Vay m = 1 khéng thoa man.

Véi m=1tur (3)suyra X, = m_—:8l thay vao (2) ta dugc
m j—

m®*—-24m+72=0< (M+6)(M* -6m+12)=0 <= m=-6

Khi m=-6 phuong trinh x* —6x+8=0 c6 hai nghiémla2va 4;

phuong trinh x* +x—6=0 c6 hai nghiém la 2 va - 3.
Vay m=-6 thi hai phuong trinh c6 nghiém chung la 2.
b) Chtng minh rang véi a, b, ¢ 1a cac s6 thuc khac 0 thi ton tai it nhat mot trong cac phuong trinh
sau c6 nghiém
4ax’ +2(b+c)x+c=0 (1); 4bx*+2(c+a)x+a=0 (2); 4cx*+2(a+b)x+b=0 (3).
Véi a, b, ¢ 1a cac sb thuc khac 0 nén cac phuong trinh d3 cho 1a phuong trinh bac hai mot an.
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Taco: Ay =(b+c)’—4ac ; A, =(a+c)*—4ab;A, =(a+b)’ —4bc
Suyra: Ay +A, +A =2(a° +b* +c’ —ab—bc —ac)
Taco: 2(a®+b*+c*—ab—bc—ac) :(a—b)2 +(b—c)2 +(c—a)2 >0
Suyra: Ay +Apy +Ag =0
Viy trong ba phuong trinh dé cho ton tai it nhat mot phwong trinh c6 nghiém.
Cau 21. (Truong chuyén tinh Kum Tum nam 2020-2021)
Cho phuong trinh: x? —2mx—m? +2m—1=0 (m la tham s6). Tim tit ca c4c gia tri cua
tham s6 M dé phuong trinh 6 hai nghiém x,, x, théa man x, < x, va |x,|—|x,|=8.

Loi giai
X +X =1
Theo hé thac Vi-ét ta cod m
XX, = _?

Theo dé rata co: (X, —3)(X, —3) =5< xX, —3(X +X,) =—4
oM _3- 4o m=2 (thoaman)
Vay m=2 lagia tri can tim.
Cau 22. (Truong chuyén tinh Ninh Binh nam 2020-2021)
Cho phuong trinh X* —2mx + 2m —1=0. Tim m d¢ phuong trinh ¢6 hai nghiém phan biét
X, X, (X, <X, ) théa man 4x, = X;.

Lo giai
) x=1
X =2mx+2m-1=0&
Xx=2m-1
+)Néul<2m-1m>1
m—3
. . 2 2 2m—1=2 _E

Tur gia thiét 4x, =X; < 4=(2m-1) < =

2m-1=-2 m_—_l

+)Néu 2m-1<le m<l

4xl=x§<:>1=4(2m—1)<:>m:g

Két luan m e {§§}
28

Cau 23. (Truong chuyén tinh Phit Tho nam 2020-2021)
Cho phuong trinh x*+mx+n=0trong d6 m?+n?=2020. Chang minh néu phuong
trinh ¢6 nghiém X, thi |x,| < +/2021.

Loi giai
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Vi X, 1a nghiém phuong trinh x> +mx, +n=0=> X’ =—mx, —n

Taco x5 =(mx, +n)” <(m’+n?)(x} +1)=2020(x; +1)
= X; —1<2020(x; +1) < %5 —2020x; —2021< 0

& (%3 +1)(%5 —2021) < 0 & X} < 2021 < [x,| <~/2021
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Chuyén de

HAM SO - PA THUC

Cau 1. (Truong chuyén tinh Béc Ninh ndm 2020-2021)
Cho parabol (P):y =x’va duong thang (d):y=-mx+2-m (mla tham sb). Tim m dé
duong thang (d) cét parabol (P) tai hai diém phan biét c6 hoanh do X,,X, sao cho biéu
1

o+ - dat gia tri nho nhat.
(x,+1)"  (x,+1)

thac T =

Loi gii

Xét (P):y=x*va (d):y=-mx+2-m
Phuong trinh hoanh d¢ giao diém Ia:
X2 =—MmX+2-m
X +mx+m-2=0
Phuong trinh c6 2 nghiém phén biét khi va chi khi:
A>0;A=m’—4(m-2)
Hay: m’—4(m-2)>0
o m-4m+8>0
& (M-2)2+4>0,Vm
Theo dinh ly Vi -et ta co:
{xl +X, =—M

X,.X, =m—2
Taco: X’ +x5=m*-2m+4

1 1

XD 4D

CoT-=

_ (%) + (X, +D)°
D () + D)’

[(x2+1)2 + (xl+1)2}2 —2[(xl+1)(x2+1)]2
[(x+D)(x,+D)]’

_ (X{ 4 2% + 14 X5+ 2%, +1)° ~ 20X, X, + X +X,+1)°
(X, X, + X +X,+1)*
~ (m*-2m+4-2m+2)° - 2(m-2-m+1)°
(m-2-m+1)*
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_(m’-4m+6)* -2
1
=m*-8m’+28m° - 48m+36-2
=m*—8m?’ + 28m? — 48m + 34
=(M=-2)"+4(m-2)*+2
Co T >2,¥m. Vay gia tri nho nhat cua T 1a 2 khi va chi khi: m=2.
Cau 2. (Truong chuyén tinh Ca Mau nam 2020-2021)

Cho (P) y=§x2
a) V& do thi (P).
b) Tim m dé duong thang (d):y=x+m cét (P)tai hai diém phan biét.

Loi giai
a) V& do thi

b) Tim m dé duong thang (d):y=x+m cit (P)tai hai diém phan biét.
Phuong trinh hoanh d¢ giao diém cua (d) va (P):
gxz =X+m=3x" = 2x+2m = 3x* - 2x-2m = 0(*)
Dé (d)cét (P)tai 2 diém phan biét< (*) c6 2 nghiém phén bigt: < A >0
A =1+6m>0
1
-_m>-=
6

Vay m> —% thi (d)cét (P)tai 2 diém phan biét.

Cau 3. (Truong chuyén tinh Ha Giang nam 2020-2021)
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Trén mit phang toa do OXxy, cho parabol (P):y=2x". Goi A va B 14 hai diém thugc
(P) c6 hoanh do lan luot 1a; 1 va —2.
a) Viét phuong trinh dudng thing di qua hai diém A va B.
b) Tinh tong khoang cach tir hai diém A, B dén truc hoanh.
Loi giai

a) Tacd A(L; 2), B(-2; 8)

Goi phuong trinh duong thang d di qua hai diém A va B la: y=ax+b.
la+b=2 a=-2
2a+b=8 Q{b=4 '
Vay phuong trinh duong thang d 13 y = -2x+4.

b) Ta c6 khoang cach tir diém M (x; y) dén tryc hoanh la: |y|.

Tac6 A Bed <:>{

Suy ra: khoang cach tir diém A dén truc hoanh 1a: |y,|.
khoang cach tir diém B dén truc hoanh Ia: |y,|.
Vay tong khoang cach tir hai diém A, B dén tryc hoanh la: |y,|+|y,|=2+8=10.
CAu 4. (Truong chuyén tinh Lam Déng chuyén todn nam 2020-2021)
Chiing minh rang ham sé y =(-m? +2m—10)x+20211uén nghich bién véi moi gi tri
cuatham s m.
Loi giai

Xét —m? +2m—-10=—(m’ —2m)-10=—(m-1)" -9;
Do —(m-1)"<0,vmeR va -9<0 néntacd —(m-1)°-9<0,vmeR.
Vayham s y= (—m2 +2m —10) X +2021 ludn nghich bién véi moi gia tri cia tham sb
m.

Cau 5. (Truong chuyén tinh Qudang Nam nam 2020-2021)
Cho parabol (P):y = x*va duong thang (d):y = 2x+3. Tim tat ca gia tri cua tham s6 m biét ring

dudng thang (d'): y = 4x+m cat duong thang (d ) tai diém c6 hoanh do duong thuc (P)

Loi giai
Phuong trinh hoanh d¢ giao diém cua (P)va (d) la:
X’ =2x+3e x* -2x-3=0<(x+1)(x-3)=0
= x=-1 hoic x =3. Vi diém c6 hoanh d6 duong nén gia tri X = 3thoa man yéu cau cua dé
bai.
Ta c6 phuong trinh hoanh d6 giao diém cua (d')vé (d) la:
4x+m:2x+3:>2x:3—m:>x:3_Tm.

TAI LIEU TOAN HQOC
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Suy ra ?’_Tm:3:>3—m:6:>m:—3.

Vay véi m=-3thi (d') cit (d) tai diém c6 hoanh do duong thuoc (P).
Cau 6. (Truong chuyén tinh Hdau Giang nam 2020-2021)
Trong mit phang toa d6 (Oxy), cho ham s6 y = —%xz c6 do thi (P). Lap bang bién thién
va vé do thi (P).
Léi giai
Bang bién thién

Y _I...-ﬂ"‘ﬂ 0 T~ _

Mot s6 gia tri cu thé: cho x=0=y=0. Cho x=+2= y =-2.
Do thi

N

Cau 7. (Truong chuyén tinh Son La nam 2020-2021)
Cho Parabol (P) y = x* va duong thing d: y = 4mx —m —3 (m la tham s6).
a) Tim m dé Parabol (P) cat duong thang d tai hai diém phan biét.

b) Tim m dé Parabol (P) cit dwong thang d tai hai diém phan biét c6 hoanh do ciing nhé hon
1.

Loi giai
a) (P) cit duong thang d tai hai diém phan biét.
<> Phuong trinh X* —4mx +m+3=0 c6 hai nghiém phan biét

az0

=
A'>0

< 4m*—m-3>0
m>1

= 3 (™
m<

b) Vi diéu kién (*) thi Parabol (P) cit d tai hai diém phan biét. Khi d6, parabol (P) cit dudng
thang d tai hai diém phan biét c6 hoanh d X, X,cting nhé hon 1.
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(x,—1)(x,—-1)>0

X, + X, <2

0

X, +X, <2
(m+3)-4m+1>0

{xix2 X, +X,)+1>0

1
oM< —
2
Két hop vai diéu kién (*) ta duoc: parabol (P) cit duong thang d tai hai diém phan biét c6 hoanh do
X, X, cung nho hon 1 khi m < —%
Cau 8. (Truong chuyén tinh Quang Binh nam 2020-2021)
Cho ham sé: y =(m—3)x+2n—5 (1) c6 dd thi la duong thang d (véi m, n la tham s3).
a) Tim m dé ham sé (1) déng bién trén R.
b) Tim m, n dé duong thang d di qua hai diém A(L2) va B(-2;4).
Loi giai
a) Bé ham sb (1) déng bién tren Rthim-3>0< m>3
b) Vi A(L;2)thuoc d nén 2=m—-3+2n-5<m+2n=10 (*)
Vi B(—2;4)thuéc d nén 4=(m-3).(-2)+2n-5

& -2m+2n=3 (*¥)

7
‘ { m+2n=10 |M73

Tu (*) va (**) taco =
-2m+2n=3 n—§
6

Cau 9. (Truong chuyén tinh Quang Tri nam 2020-2021)
Cho cac parabol (B):y=mx* (P,):y=nx*(m=n). Lay cic diem A, B thudc (P,) va
C, D thuoc (P,) sao cho ABCD Ia hinh vudng nhan Oy 1am  truc doi xing. Tinh dién tich

hinh vuéng ABCD.
Loi giai
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X

Goi A(a,ma?). Khi d6 do Oy la truc d6i xung cua hinh vudng nén B(-a,ma’). Do
DA//BC//0Oy nén C(-a,na*),D(a,na’)

AB =2[a|, AD =|m—n|a?; AB:AD:>|a|=m

16

Dién tich hinh vudng ABCD la S=AB*=———
(m—n)

Cau 10. (Truong chuyén tinh Long An nam 2020-2021)

Cho ham sb: y = —%x+3 c6 do thi (d).

a) V& do thi (d).

b) Goi A la giao diém cua (d)véi truc tung Oy ; B la giao diém cua(d ) véi truc hoanh Ox .

Tinh chu vi tam gidc OAB va khoang cach tir goc toa d6 O dén duong thang(d).

Loi giai
a) V& dung dd thi (d) Ay
A
9 H
B -
o 1 2 A €

b) Toa d¢ cac giao diém: A(0;3) ; B(4;0) ; OA=3,0B=4

AB =+/OA? +OB? =+/3? +4% =5
Chu vi tam giac OAB : OA+OB+AB=3+4+5=12
V& OH vubng gbc véi AB tai H .
Ap dung hé thirc luong vao tam giac OAB vudng tai O co duong cao OH |, ta co:
OAOB 12
AB 5

Cau 11. (Truong chuyén Gia Lai chuyén nam 2020-2021)

OH =
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Tim gia trj caa tham sé m dé ham sé y =(m—1)x+m? nghich bién trén R va 4 thj cta
no di qua diém M (2;1).

Loi giai
Ham sé y =(m—1)x+m? nghich bién trén R va d thj cia né di qua diém M (2;1) nén

m-1<0 m<1
2 = 2
1=2(m-1)+m m°+2m-3=0
m<1
S<m=1 < m=-3.
m=-3
Vay giatri m cantimla m=-3.
Cau 12. (Truong chuyén tinh Hoa Binh nam 2020-2021)
Trong mat phing toa do Oxy, cho duong thang (d) :y =2x—m. Tim m d duong thang (d)
cét hai truc Ox, Oy lan luot tai A va B sao cho tam giac OAB ¢4 dién tich bang 9.
Loi gidi

) . \ m
DPuong thiang d cit Ox, Oy lan luot tai A(E;O), B(0;—m)

Dién tich tam giac OAB la: S, = %OA.OB = %‘%“—m‘ =

OAB

m2

4
‘ m?

Theo dau bai ta c6: vy =9 m=16

Viy m=416

Cau 13. (Truong chuyén tinh Yén Bai nam 2020-2021)

Cho parabol (P): y=2x* va dudng thing (d):y =2X+m—1, véi m 1a tham s6. Tim tat
ca cac gia tri ciia tham s6 m dé parabol (P) cét duong thang (d) tai hai diém phan biét co hoanh
do X, X, théa man |X1 - X2| =1.

Loi gidi
Phuong trinh hoanh d¢ giao diém 2x* —2x—-m+1=0(%)

: : : 1
(P) cét duong thang (d) tai hai diém phan biét khi va chi khi A'=2m-1>0< m> >

Goi X, X, 14 nghiém cua (*) khi d6 X, X, 1a hoanh d¢ giao diém cua (d) va (P) Theo h¢ thuc
X +X, =1
Vi-et, ta cd 1-m -

X, =——o
XX ==
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(1-m)

Do d6 | % —X, =1 (X +%, )" —4%.%, :1<:>1—4T:1<:> m=1. Thoa man diéu kién
m>=.
2
Vay m=1.
Cau 14. (Truong chuyén Pong Thap nam 2020-2021)
1.Cho (P):y=ax’ (a=0). Timgiatri cua a biétrang (P) di qua diém M (-2;12).
2. Tinh sb do goc tao bai dudng thang d : y = x+8 Véi truc hoanh Ox .
Loi gia
a) (P) diquadiém M(-2;12)=12=a(-2)
=a=3
b) Buong thang d:y =x+8 cat Ox tai A(-8;0).
Duong thing d: y=x+8 cit Oy tai B(0;8).

G6c tao boi dwong thing d va Ox 13 goc OAB
Taco tano/fﬁzo—Bzﬂ:
0A  |-§]
G6c tao boi duong thang d: y = x+8 Véi truc Ox bang 45°.
Cau 15. (Truong chuyén tinh Qudang Ngai nam 2020-2021)
a) Chohamsé y=mx+m-—1, véi m la tham sé. Chimg minh d6 thi caa ham s6 luén di qua
mot diém cb dinh véi moi m.
b)Cho biéu thic f(x) = x® + ax? + bx +c, véi & P C 13 cac sé thuc. Biét F) =2, 7(2)=3.
Tinh gia tri cua Q =1(5) - 6f(3) +2020.
Loi gidi
a) Xét diem A(Xg; Y, ) trén mat phang toa do.
Khi d6, A 1a diém ¢ dinh khi va chi khi A thudc db thi ham s6 y = mx + m —1, véi moi m.
& Yo =MX,+m-1, vm

< (X +1)m—(y,+1)=0, ¥vm

Yo="-1
Vay d6 thi ham s y = mx + m —1 ludn di qua mét diém c6 dinh A(—1;—1) véi moi m.
b) bat P(x) =f(x) —(x+1)
Do d6 P(1) =0,P(2) =0 hay x =1, x = 2 la hai nghiém cua phuong trinh P(x) =0 .
Ma P(x) la da thac bac banéntacd P(x)=(Xx—-1)(Xx—2)(Xx—m). Khi do

& {XO ST A(L4)
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f(5)=P(5)+6=4.3.(5-m)+6
f(3)=P(3)+4=21.(3-m)+4
Do vay, Q = f(5) — 6f (3) + 2020 =12(5—m) —12(3— m) —18 + 2020 = 2026.
Cau 16. (Truong chuyén tinh Binh Phudc nam 2020-2021)

Tim tat ca cac gia tri cia m dé duong thang (d):y =2x—m cét parabol (P):y =x’ tai hai
diém phan biét c6 hoanh d6 duong.

Lot giai

Phuong trinh hoanh d¢ giao diém cua (d)va (P)la: x*—2x+m=0 (1)
Dé (d)cét (P)tai hai diém phan biét c6 hoanh d¢ duong thi phuong trinh (1) c6 hai nghiém duong

phan biét
A'=1-m>0

Tacla: {S=2>0 < 0<m<l
P=m>0

Vay v6i 0<m<1 thi (d)cét (P)tai hai diém phan biét c6 hoanh do duong.
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Chuyén dé/(6)

Chitng minh dang thitkc, tinh gia tri biéu thitc

Cau 1. (Truong chuyén tinh Ha Tinh nam 2020-2021)

ax+hy=c
Gia sir a,b,c 14 cac sb thuc khac 0 sao cho hé phuong trinh {bx+cy =a cd nghiém
cx+ay=»hb
. aZ 2 CZ
X;y). Ching minh rang —+—+—=3.
(x¥) J gbc ca ab
Loi giai
o X . . . a+b+c=0
Cong theo vé cua cac phuong trinh, ta co (a+b+c)(x+y)=a+b+c < L
X+Yy=
Truong hgp 1: a+b+c=0.
3 a®> b* ¢
Khi d6 a®+b’+c’®=a’+b*—~(a+b) =-3ab(a+b)=3abc => —+—+—=3
bc ca ab
Truong hgp 2. x+y=1< y=1-x.
ax+b(l1-x)=c
e +b(1=x) x(a—b)=c-b
Thay vao hé tacé {bx+c(l-x)=a = (n).
(b-c)=a-c
cx+a(l-x)=b
., fa=b . s s s a2 2 2
Néu thitir (11) suyra a=b=c taduogc a’+b*+c*=3abc = —+—+—=3.
b=c bc ca ab
c-b
. [a=b **3b c-b a-c
Néu ta co =>—_———=—"<cb-c’-b’+bc=a*-ab-ac+bc
b=c _a-c a-b b-c
b-c

o (a-b) +(b-c) +(c-a)’=0<a=b=c (vdlido a=b, b=c).
Vay trong truong hop 2tacdé a=b=c.
2 2 CZ

Suyra —+—+—=3.
bc ca ab

Chu y: C6 thé giai theo cach sau a° +b° +c® =a® (bx+cy)+b*(cx+ay)+c* (ax +by)

=ab(ax+by)+bc(bx+ay)+ac(cx+ay)=3abc.
2 2 CZ
Suyra —+—+—=3.
bc ca ab
CAu 2. (Truong chuyén tinh Lam Péong nam 2020-2021)
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Cho céac s6 thuc x,y,z d6i mot khac nhau thoa man x* =3x—-1, y* =3y —-1va z°=3z-1
. Tinh gia tri c4c biéu thac S = x* + y? + z°
Loi giai
Theo gia thiét suy ra x, y,z 1a ba nghiém cua phuong trinh bac 31a t°—3t+1=0
x+y+z=0(1)
Theo Viet  xy +xz+yz =-3(2)
Xyz =-1
Tr()va(@) =S=(xX+y+2)>-2(xy+xz+yz)=0-2—-(-3)=6
Cau 3. (Truong chuyén tinh Lang Son nam 2020-2021)

Cho céc sb thuc X, Y,z thoa man (\/;—\/y)3+(\/§—\/§)3+(\/_—\/§)3=0.
Tl'nh téng SZ(\/;_\/g>2021+<\/§_\/E)2021+(\/__\/;)2021.

Loi giai
Vx-y=a

Pit {\Jy —Vz=b=
Jz-Jx=c

Ma a3+b3+c3—3abc:(a+b+c)(a2+b2+c2—ab—ac—bc)=0.

a+b+c=0
a®+b*+c®=0"

Suyraa=b=c=0.
Véy S — a.2021 + b2021 + 02021 — 0 .
Cau 4. (Truong chuyén tinh Nam Dinh nam 2020-2021)
a) Cho cac sb thuc x,y,z khac 0. Dit a= x+£, b= y+1 va c= xy+i.
X y Xy
Chung minh a® +b® +c® —abc =4.
b) Cho céc s6 thuc a,b khac —2 théa man (2a+1)(2b+1) =9.

Tinh gié tri cua biéu thirc Aot 1
2+a 2+b
Loi giai
a) Taco
a2=x2+i2+2:>a2—2=x2+i2
X X
b2=y2+i2+2:>b2—2=y2+i2
ab = (x+ D)y + ) = xy 4 —+ 24 Y
X y Xy 'y X
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X* +y?
Xy

sab=c+

X2 +y?

)

& abc =c? +(xy +i)(
Xy

=c’+x+y*+

1 1
=+ X+ Y S+
X

=c’+a*-2+b*-2
< a’+b*+c?—abc=4
(dpcm)
b) Véi a,b=-2,taco
(2a+1)(2b+1) =9
< 4ab+2(a+b)=8
& 2ab+a+b=4
< a+b=4-2ab
Tacd
_ 1 N 1 _ a+b+4
2+a 2+b (2+a)(2+hb)
_ 4-2ab+4
~ab+2(a+h)+4
3 8-2ab
~ab+2(4-2ab)+4
_2(4-ab)
~ 12-3ab
_2(4-ab)
" 3(4-ab)

Cau 5. (Truong chuyén tinh Phu Tho nam 2020-2021)

X +y?
2

Cho 0<x <y thoaman 2x*+2y® =5xy. Tinh: E = .
X"—y

Loi giai
X2 +y?

Cho 0<x <y théaman 2x*+2y* =5xy. Tinh: E =——>
"=y

Taco: 2x* +2y° =5xy < 2x* —xy +2y° —4xy =0
< X2x-y)+2y(y—-2x)=0 < (2x—-y)(x-2y)=0 <= 2x=y (do 0<x<y).
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2 2 2
VéyE=X ty 5T 5

xP—y? -3x* 3
Cau 6. (Truong chuyén tinh Thai Nguyén nam 2020-2021)
Cho hai sé thuc a, b thoa mén ab = 2. Chang minh
a’+b’ =(a’+b")(a’ +b°)-16(a+b).
Loi giai

Taco
(a“ +b4)(a5 +b5)—16(a+b)
=a’+b’+a’h* +a'h’-16(a+h)
=a’+b’+a'v*(a+h)-16(a+b)
=a’+b’+16(a+b)-16(a+b)(do ab=2)
=a’+b’.

Cau 7. (Truong chuyén tinh Qudang Tri nam 2020-2021)

a3+1: b3+1203+1

. Chitng minh rang
a b C

Cho a,b,c la ba s6 thuc phan biét thoa man

abc+1=0.
Léi giai

a’-ma+1=0
a’+1 b*+1 c’+1

bat
a b C

=m .Taco 1b°~mb+1=0 nén a,b,c a3 nghiém cua da thirc

c-mc+1=0
f(x)=x>-—mx+1
Do f(x) c6 3 nghiém a,b,c nén f(x)=(x—a)(x—b)(x-c)
Turdoésuyra x> —mx+1=(x—a)(x-b)(x-c) VxeR
Dong nhat hé s6 2 vé ta dugc —abc =1= abc+1=0
Cau 8. (Truong chuyén tinh Dién Bién nam 2020-2021)
Yz Xz Xy

Cho xy +yz+xz =0 va xyz # 0. Chiang minh ring: = +— +—-=3.
X z
Loi giai
Vii Xy +yz+xz=0; xyz¢0:>£+£+1=0
X Yy z
Chung minh dugc néu: a+b+c=0=a’+b*+c*®=3abc
Ap dung cbng thuc trén ta co: l+£+1=0:>i3+i3+i3:i
X Yy z X* Yyl 77 Xxyz

2

Lai co: %+ §Z +%=Xyz[i3+i3+%]=3.(})pcm)
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Cau 9. (Truong chuyén tinh Hoa Binh nam 2020-2021)
Chobasd x, y, z théa man dong thoi: x> —2y+1=y*—2z+1=2°"-2x+1=0

1000 1000 1000
+y?™* 47

Tinh gié tri caa biéu thirc: A= x
Loi giai
Taco
X2 =2y+1=y*-27+1=7"-2x+1=0= (x-D*+(y-1)* +(z-1*=0
oS X-1l=y-1=72-1=0x=y=2=1= A=3
Cau 10. (Truwong chuyén Lam Son — Thanh Hoa nam 2020-2021)
1. Cho a,b,c 1a ba s6 thuc thoa man dong thoi cac didu kién a+b+c=1 va

l+%+1 =1. Chtng minh rang trong ba sé a, b, c ¢ it nhat mot s6 bang 1.
a c

2. Cho x,y,z 1a ba sb thyc théa man ddng thoi cac didu kién x+y+z=2045 va
(x-18)’+(y—7)’ +(z-2020)° =0. Tinh gi tri cua biéu thirc:
F=(x—18)"" +(y—7)"" +(2-2020
Léi giai
1) Xét tich (a—1)(b—1)(c—1)=abc—(ab+bc+ca)+(a+b+c)-1=abc—(ab+bc+ca)

)2021

Tu 1+£+£:1<:> ab+bc+ca=abc
a b c

Suyra (a—1)(b-1)(c-1)=0.

Vay trong ba sé a, b, cco it nhat mot sé bang 1.

2) Ta thiy, véi basd a,b,c tiy y thi
a3+b3+c3=(a+b)3+c3—3ab(a+b)=(a+b+c)3—3c(a+b)(a+b+c)—3ab(a+b)
=(a+b+c) —3(a+b)(b+c)(c+a)

Do d6, néu a+b+c=0thi a®+b®+c®=3abc.

Pit a=x-18b=y-7,c=2z-2020 tir gia thiét suy ra a+b+c=0. Theo trén suy ra
a’+b’+c®=3abc.

Mit khac, theo gia thiét ta c6 a®+b®+c® =0 suyra 3abc=0.

Vay a=0 hodc b=0 hoac c=0.

Néu a=0=b+c=0,khido F=a™ +b™ 4™ =0+b™ +(-b)™ =

0.

Tuong tu néu b =0 hodc ¢ =0 thiclingsuyra F=0.

Vay F =0.
Cau 11. (Truong chuyén TP Ho Chi Minh ndm 2020-2021)
Cho ba sé duong a,b,c thoa man diéu kién a + b + c _ 2020.

b+c c+a a+b
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. a®> b’ ¢’
Tinh gia tri cua biéu thuc P:( + + j:(a+b+c).

b+c c+a a+b

Loi giai

1 a’ b? c?
= + +
a+b+clb+c c+a a+b
1 a+b+c a+b+c a+b+c
= a -1|+b -1l]+c -
a+b+c b+c c+a a+b

L K a_ . b 4+ J(a+b+c)—(a+b+c)}

:a+b+c' b+c a+c a+b
a b c

= + +
b+c a+c a+b
Cau 11. (Truong chuyén Phii Tho nam 2020-2021)

-1=2020-1=2019

.11 1 1
a)Cho X+ y+2z=X"+y*+12°=2 va xyz=0.Ching minhrang —+—+—==—.
X Yy 7 Xyz
3(x2+5x—1) 24(x2+3x—1)
b) Cho 0 < x< 2 thoa mén 5 +23= > :
X“+x-1 X“+2x-1
. s, .2 , 5 2020 1
Tinh gia tri cua biéu thucT:(x —x—2) -
(X =x)
Loi giai

a) Th X+Y+2=2 codugc X*+y* +2°+2(Xy+yz+2x) =4
S Xy+yz+zx=1
1 1 1
Doxyz #0néntac6 —+—+—=—— (dpcm)
X Yy 7 Xyz
x> +x-1#0

X2 +2x-1%0

3(x+5x-1) _ 24(x’+3x-1) 3{("‘)1(]*5L23:24%‘)1()*3}

b) iéu kién {

+23= &
X2 +x-1 X?+2x-1 1 1
X——|+1 X——|+2
X X
1 . ) t=1
bit t = X —— ¢6 phuong trinh tr¢ thanh: t* -3t+2=0= (oo
X =

1
x—;=1 X2 —Xx-1=0 x:lJ”/g;x=ﬂ
1 A oy 1 0<:> 2 2
X—;=2 X mex=is Xx=1+~/2; x=1-+2
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+5

Vi 0 < x< 2 va dbi chiéu diu kién nén c6 duoc x:T: x?—x-1=0

)2020 1

- 2021
(X =x)

)2020 1 ( 1)2020 N 1

+(x2—x—1+1)2021 - W:

vay T =(x2—x—2

2

=(x2—x—1—1 a
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///

Chu én del(7)

Giai toan bang cach 1ap phuong trinh,
hé phwong trinh, toan thuc thé

Cau 1. (Truong chuyén tinh Ca Mau nam 2020-2021)
Vira qua, chinh phi dd diéu chinh giam 10% gia ban Ié dién tir bac 1 dén bac 4 cho
khach hang st dung dién sinh hoat bi anh huong boi dich Covid —19 trong ba théang
4,5,6 ciia nim. Cu thé nhu sau:

GIA BAN PIEN
(dé lam tron dén don vi dong/kWh)
BAC Théng 3 Théng 4

(Truwée diéu chinh) (Sau diéu chinh)
Bac 1: Cho kWh 1678 ¢ong/kWh 1510 ¢dng/kWh
tir 0 - 50
Béc 2: Cho kWh 1734 @ong/kWh 1561 @dng/kWh
tir 51 — 100
Bac 3: Cho kWh 2014 d¢ong/kWh 1813 @dng/kWh
tir 101 — 200
Bac 4: Cho kWh 2536 dong/kWh 2282 dong/kWh
tir 201 - 300
Béc 5: Cho kWh 2834 d¢ong/kWh 2834 @ong/kWh
tir 301 — 400
Béc 6: Cho kWh 2927 d¢ong/kWh 2927 @éng/kWh
tir 401 - 500

Dua vao cac sb liéu cua bang trén hay giai bai toan sau.
Gia dinh cta di Nam Hué da tra tong cong 249580 ddng tién dién sinh hoat cho thang 3
va thang 4 nim 2020 . Biét riang trong hai thang d6 gia dinh di Nam Hug tiéu thy hét
155kWh va mdi thang mire dién tiéu thu chua dén 100kWh nhung 16n hon 50kwWh . Hay
tinh xem dién tiéu thu trong thang 4 cia gia dinh di Nam Hu¢ la bao nhiéu kwh ?
Lai giai

Goi muc tiéu thy thang 3va thang 4 ciia nha di Nam Hué 12 a,b(kWh,50 < a,b <100)
Theo bai ra ta c6:

a+b=155
{50.1675 +(a - 50).1734+ 50.1510+ (b - 50).1561 = 249580
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@{ a+b=155 <:>{a=75(th6a man)
1734a+1561b = 254930 b= 90(th6a mﬁn)
Vay dién tiéu thu trong thang 4 ctia nha di Nam Hué la 90kWh.
Cau 2. (Truong chuyén tinh Ca Mau nam 2020-2021)
Tau ngam dang & trén mat bién bdng dot ngot 13n xudng theo phurong tao ra voi mat nudce
bién mot goc 20°
a) Néu tau chuyén dong theo phuong thing lin xubng dugc 400m thi nd & d6 sau bao
nhiéu mét?
b) Tau phai chay bao nhiéu mét dé dat dén do sdu 1000m.
Loi gidi
a) Néu tau chuyén dong theo phuong thang lan xuéng dugc 400m thi né & do sau bao

nhiéu mét?

Do sau cua tau 1a canh goc vudng ddi dién goc 20°, doan dudng di cua tau 1a canh huyén,
khoang cach theo phuong nim ngang | canh ké cua goc nhon.
D¢ sau cua tau dat duoc 1a : 400.sin20° ~136,8 (m).

b) Tau phai chay bao nhiéu mét dé dat dén do sdu 1000m.

1000

Poan duong tau chay duoc la: o= 2923,8(m).

Cau 3. (Truong chuyén tinh Dak Nong nam 2020-2021)
Mot & t6 chay tir A dén B voi quing duong dai 80km trong mét thoi gian du dinh. Vi
troi mua nén mot phan tu quing duong dau 6 td phai chay cham hon van téc du dinh 1a
15 km/h. Bé d¢én B dung thoi gian du dinh nén quing duong con lai 6 td phai ting van
téc hon van téc du dinh 1a 10 km/h. Tinh thoi gian du dinh caa 6 t6. (Gia thiét xe chay
lién tuc khéng nghi).
Loi giai
Goi van téc du dinh 1a v (km/h), (v>15).

Thoi gian 6 to dy dinh di tir A dén B 1 2 (h).
\Y

Thoi gian 6 to di khi troi mua trong mot phan tu quing dudng véi van tdc cham hon van

1
~.80
4 20 h

v-15 v-15 (h).

tdc du dinh 15 km/h 1a
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Thoi gian 6 t6 di trong quing dudng con lai, 6 t6 ting van téc Ion hon van téc du dinh

y 10km/h 13 20720 _ 60 )
- v+10 v+10
Thoi gian di tr A d&én B khong d6i nén
80_ 20 60
v v-15 v+10
4 1 3

+
v v-15 v+10

4 v+10+3v-45

TV (v-15)(v+10)
4 a-35

TV (v-15)(v+10)

& 4(v* ~5v-150) = v(4v -35)

<15v=4.150 < v=40.
Thoi gian du dinh cia 6 6 di tir A dén B 1a t :% —2 (h).
Vay thoi gian di tr A dén B 1a 2 gio.
Cau 4. (Truong chuyén tinh Ha Giang chuyén toan nam 2020-2021)
Mot tam giac vudng c6 chu vi bang 72cm va duong trung tuyén tng vai canh huyén c6
d6 dai bang 15cm. Tinh dién tich caa tam giac do.
Loi giai
Goi d¢ dai hai canh géc vudng la a, b. (a, b>0)
Vi duong trung tuyén tng véi canh huyén c6 do dai bang 15cm nén canh huyén bang
2.15=30 (cm).

Do chu vi bing 72cmnéntacd a+b+30=72 < a+b=42(1).
Mat khéc theo dinh ly Pytago ta duoc a* +b* =307 (2)

Tur (1) va (2) ta c6 hé phuong trinh :
a+b=42
, . . ,=2ab=(a+b) —(a’+b’)=864=> ab=432
a“+b==30

Vay dién tich cta tam gidc do1a: S = %b =216¢cm?.

Cau 5. (Truwong chuyén tinh Lam Pong nam 2020-2021)
Mot t6 chic tir thién can chia déu mot sé quyén vé thanh cac phan qua dé ting cho céac
chau nho & mot trung tdm nudi day tré mo cbi. Néu mdi phan qua giam 6 quyén vé thi s&
c6 thém 5 phan qua nita cho cac chau, con néu mdi phan qua giam 10 quyén vo thi cac
chau s& c6 thém 10phan qua. Hoi to chirc tir thién trén ¢ bao nhiéu quyén vo.

Loi giai

Goi tong s6 vo 1a x (quyén ), sé va mdi phan la y (quyén) ( x,ye N)
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S6 phin qua la = (phan )
y

Néu giam mdi phan qua di 6 quyén thi s6 phan qua la L6 (phan qua )= L6 =X45
y- y- y
Néu giam mdi phan qua di 10quyén thi sé phan qua 1a X10 (phan qua )
y_
= X :£+10
y-10 'y
X6 -+ ; 6 _%
Ta c6 hé phuong trinh : y- y o y(y-6)
X X X
=240 |—2 -1
y-10 vy y(y-10)
:>3;_—1:=gc>6(y—10)=5(y—6)<:> y =30

— x = y(y —10) = 30.20 = 600
Vay tb chic tir thién ¢ 600 quyén vo.

Cau 6. (Truong chuyén tinh Dién Bién nam 2020-2021)
Mot con Robot duoc thiét ké co thé di thang, quay mot goc 90° sang phai hoic sang trai.
Robot xuat phat tir vi tri A di thang 2m quay sang trai roi di thang 3m, quay sang phai roi di
thang 5m dén dich tai vi tri B. Tinh khoang céch giita dich dén va noi xuat phéat cua Robot.
Loi gidi
5

Ké¢ AC L BC nhu hinh vé:

Tacé: AC=7;BC=3

= AB=+7?+3" =./58

Vay khoang cach giira dich dén va noi xuat phét cua Robot 1a +/58

Cau 7. (Truong chuyén tinh Hoa Binh nam 2020-2021)

Mot ca nd xudi dong trén mot khic séng tir bén A dén bén B dai 96km, sau d6 lai nguoc
dong dén dia diém C céch bén B 1a 100km, thoi gian ca nd xudi dong it hon thoi gian nguoc dong la
30 phat. Tinh van téc riéng cuaa ca nd, biét van téc cua dong nudc 1a 4km/h.
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Loi giai
Goi van téc thuc cua ca nd 1a x (km/h) (x > 4)
Van téc xudi dong 1a: x+4 ; van téc nguoc dong la: x—4

Théi gian xudi dong I 9—64, thoi gian ngwoc dong 1a 20
X+ -
Theo bai ra ta c6 phuong trinh 100 _ 96 = 1 @
X—4 x+4 2

(1) & x*—-8x-1584=0
Giai phuong trinh duoc X, =44;X, =-36(KTM).
Cau 8. (Truong chuyén tinh Hoa Binh nam 2020-2021)

Theo ké hoach hai to san xuat 800 san pham trong mét thoi gian nhat dinh. Do cai tién
k¥ thuat nén to I da vuot mac 15% va to 11 da vuot mic 20%, vi vay trong thoi gian quy dinh ho da
hoan thanh vuot mtc 145 san pham. Hoi s san pham dwoc giao cia mdi t6 theo ké hoach?

Loi giai
Goi s san phim duoc giao theo ké hoach cua té 1 va td Il lan luot 1a x, y (x,ye N*)

X+ Yy =800
15%x +20%y =145

x =300
{y =500
Cau 9. (Truong chuyén tinh Hoa Binh nam 2020-2021)

Mot cira hang ban giay voi hinh thic khuyén mai nhu sau: Néu ban mua mot doi giay voi
mtc gid ban dau, ban s& duoc giam gia 30% khi mua d6i tht hai va giam gia 50% khi mua doi thir
ba. Ban An d3 mua 3 doi gidy va phai tra 1 320 000 dong.

a) Hoi gia ban dau cua mot doi giay 1 bao nhiéu?
b) Néu cira hang dua ra hinh thirc khuyén mai thir hai 1a giam 25% cho méi doi giay thi ban An nén
chon hinh thire khuyén mai nao néu ban An mua ba déi gidy.
Loi giai
a) Goi gia ban dau cua 1 ddi gidy la x (ddng). Diéu kién: x >0

Tir gia thiét ta c6 hé phuong trinh: {

7 .
Gia cua doi giay mua thir 2 la: EX (dong)
T o Dy
Gia cua do6i giay mua thir 2 la: E X (dong)
JEp T . Ne en s 7 1 11 N
So tién phai tra khi mua 3 doi giay la: X+ E X+ EX = Ex(dong)

Theo dau bai ta co: %X =1320000 <> x = 600000 (d¢5ng)

Viy gia ban dau cua 1 doi giay 1a 600 000 (dong).
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b) Gia mdi dbi gidy sau khi giam gia 25% la: %600 000 = 450 000 (ddng)

S4 tién phai tra khi mua 3 doi giay la: 3.450000 =1350000 (d6ng)

Vay ban An nén chon hinh thizc khuyén mai tha nhat.

Céu 10. (Truong chuyén tinh Gia Lai nam 2020-2021)
Trong dot dich Covid-19, theo ké hoach thi hai t6 | va Il ciia cong ty may X phai san xuat 10000
khau trang y té trong thoi gian hai ngay dé kip thoi cung cap cho ngudi dan. Do dugc cai tién ky
thuat nén té I lam vuot muc 15% va td 11 vuot mic 20% so véi ké hoach ban dau caa mdi t6. Vi
vdy, sau hai ngay ho di 1am duogc nhiéu hon 1700 khau trang so véi ké hoach. Tinh sb khau trang
lam duoc cua mdi to sau khi cai tién ky thuat.

Loi giai
Goi z,y (x,y € N*) lan luot 12 s6 khau trang du dinh may ban dau cua to | va to Il. Ta co
x +y =10000
ek At 2
Sau khi cai tien ky thuat, ta co —5:1: + —Oy =1700
100 100

Ta dugc hé phuong trinh = (tmdk)

Ex +ﬂy =1700 {y = 4000

100 100
S6 san pham lam duoc khi thay thiét bi méi :

+)cuatd | 1a [1 + 1%} 6000 = 6900 (khau trang)

+) cuatd 11 1a [1 + %} 4000 = 4800 (khau trang)
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Chuyén dé/(8)

CAC BAI TOAN SO HOC

Cau 1. (Truong chuyén tinh Bic Giang nam 2020-2021)

2 — r
Tim tat c4 cac cap s6 nguyén duong (a;b) dé biéu thic ab 2 nhan gia tri 1a s6
ab+

nguyen.

Léi gidi
Yéu cau bai toan twong duong a’ —3 chia hét cho ab+3
=b(a’-3)(ab+3)=[a(ab+3)-3(a+h)|:(ab+3)
= 3(a+b)i(ab+3)
bit 3(a+b)=k(ab+3), keN".
Néu k =1 thi 3(a+b)=ab+3=(a-3)(b-3)=6
Via,beN néna-3>-2vab-3>-2

a-3=6 [[a=9

Truong hop 1: Al31 & _— Thir lai thi (a;b)=(9;4) thoa man.
_{b—3=6 _{b=9
(a-3=3 [(a=6

Truong hop 2: a—3=2© a=5.Thu lai thi (a;b)=(6;5) thoa man.
_{b—3=3 _{bzG

Néu k =2 thi 3(a+b)=2(ab+3)=(2a-3)(20-3)=-3
Via,beN nén2a-3>-1va2h-3>-1

[ (2a-3=3 [ (a=3

2b-3=-1 b=1
=

2a-3=-1 a=1

| |2b-3=3 | |b=3

Néu k >3 thi 3(a+b)=k(ab+3)>3(ab+3) < (a-1)(b-1)+2<0 (v8lyVvi a, beN").

Taco . Thir lai thi (a;b)=(3;1) thoa mén.

Vay céc cip so (a;b) théaman 1a (3;1); (6;5); (9;4).

Cau 2. (Truong chuyén tinh Bdic Ninh ndm 2020-2021)

a) Ching minh rang véi moi so ty nhién n thi n(2n+7)(7n+1) ludn chia hét cho 6.
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b) Tim tét c4 cac cip sb nguyén duong (a;b) thoa man dong thoi hai diéu kién 4a+1 va

4b—1 nguyén té cung nhau; a+b 1a uéc cua 16ab+1.
Loi gii
a) Chirng minh rang véi moi so tu nhién n thi n(2n+7)(7n+1) ludn chia hét cho 6.
bat P=n(2n+7)(7n+1).
+Véin:2,suyra P=n(2n+7)(7n+1)i2.
Véi n khéng chia hét cho 2 thi 7n+1:2 = P:2.
Vay vei vn,P:2. (1).
+ Vi n=3k=P:3.
+V6i n=3k+1=2n+7=6k+9:3.
+V6i n=3k+2=7n+1=21k +15:3.
Suy ravei vn,P:3. (2).
Tir (1),(2) suy ra P:6,Vn.
b) Tim tat ca cac cip s6 nguyén duong (a;b) théa man dong thoi hai diéu kién 4a+1 va
4b -1 nguyén té cing nhau; a+b 1a woc cua 16ab+1.
Taco: (4a+1)(4b+1)=16ab+1+4(a+b)=(4a+1)(4b+1):a+b.
16ab+1:a+b =16b(a+b)-16b*+1ia+b = -16b*+1ia+b < (4b-1)(4b+1)ia+b.
Theo bai (4a+1,4b-1)=1(1)=4b+1ia+b. Vi 0<4b+1<4(a+b) nén ta co ba kha

nang sau:
+TH1: 4b+1=a+b< a=3b+1.
bit p=(4a+1,4b-1)< p=(12b+5,4b-1)=12b+5-3(4b-1):p<=8ip.
Ma p laso lénén p=1,théaman (1).
+ TH2: 4b+1=2a+2b < 2b+1=2a (khdng co gia tri théa man).
+TH3: 4b+1=3a+3b<b=3a-1.
bit p=(4a+1,4b-1) < p=(4a+L12a-5)=12a-5-3(4a+1):p=8ip.
Ma p lasolénén p=1,théaman (1).
Viy { beN va { aeN’ -
a=3b+1 b=3a-1
Cau 3. (Truong chuyén tinh Dak Lak nam 2020-2021)
Tim tat ca cac nghiém nguyén dwong (X, y) ciia phuong trinh 6x + 5y +18 = 2xy.
Loi giai
6X+5y +18 =2xy < 2xy —6Xx—-5y =18
< 2xy —6x+15-5y =33 < 2x(y—3)~5(y—3) =33 = (2x—5)(y - 3) =33=1.33=3.11
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Cé X,y nguyén duong, nén 2x—-5>-3,y—-3>-2.
ta xét cac truong hop sau:

y-3=1 x=19
=
2x—-5=33 y=4
y—3=33 X=3
=
2x—-5=1 y=36
y-3=11 x=4
=
2x—-5=3 y=14

y—-3=3 X=8
= .
2x-5=11 y=6

Céc cap s6 nguyén duong déu thoa mén bat dang thuc trén,
Vay cac cap s6 can tim 1a: (3,36), (4,14), (8,6),(19,4).
Cau 4. (Truong chuyén tinh Ha Tinh nam 2020-2021)

1. Ton tai hay khdng s6 nguyén duong n sao cho 2n+2021 va 3n+ 2020 déu la cac sé
chinh phuong.

N

c6 gid tri 1a s6 nguyén.
Xy + 2

2. Tim tat ca c4c cap s nguyén duong (x;y) sao cho

Léi giai
1. Ton tai hay khdng s6 nguyén duong n sao cho 2n+2021 va 3n+ 2020 déu la cac sé
chinh phuong
Gia str ton tai s6 nguyén n d& 2n+2021; 3n+2020 la s6 chinh phuong.
Khi d6, dat 2n+2021=a%; 3n+2020 =b? (a;beN)
= 3a’ - 2b’ =2023 = 3a® = 2b* + 2023 ¢
=a l¢ = a*=1(mod8)
= 2b% =3a% — 2023 =3.1-2023=4 (mod8)
=b?=2(mod8)
V6 Iy vi s6 chinh phuwong chia 8 chi c6 s6 du 1a 0;1;4;8. Do d6 diéu gia sir sai. Khdng
t6n tai s6 nguyén n thoa man.

2_ r
2. Tim tat c4 cac cap sé nguyén duong (x;y) sao cho X z c6 gié tri 1a s6 nguyén.
Xy +
o y(x*-2)
Tu gia thiet suy ra ——— 1a so nguyén.
Xy +2
X -2 _
Tach y( ):x(xy+2) 2(x+y):X_2(x+y)
Xy + 2 Xy +2 Xy +2

Suy ra ton tai gia tri k nguyén duong sao cho 2(x+y)=Kk(xy+2)
Néu k=2 taco k(xy+2)>2(xy+2) suyra x+y=xy+2 < (x-1)(y-1)+1<0 (1).
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>1 .
Do {); 1> (x—1)(y—-1)=>0 nén bat phuong trinh (1) v6 nghiém.

Néu k=1taco 2(x+y)=xy+2 < (x-2)(y-2)=2 (2).

=4 -3
Giai ra ta dugc cac cap (x;y) théaman (2) la: {X _ {X : {

x=1 [x=0
y=3"[y=4"

y=0"|y=1

) , ([ x=4 . . . .
Thur lai ta ¢ { 3 la cap so nguyén duy nhat thoa man.

Cau 5. (Truong chuyén tinh Long An nam 2020-2021)
Tim tt ca cac cap s6 nguyén duong (a,b) sao cho ab 1a uéc cia a® +b .
Loi giai

2

a2+b3ab:>{a, b achea (abez")

b:a

Pit b=ka (keZ")
—a’+b'ka’ = a’+b>ka’>a? (k eZ+)
— 2a% >ka’ > a? (kez+):>2zk21 (keZ+)

k=1
=

k=2
Vé6i k=1taco: b=a=a’+aa’=aa®=a=1=b

Vérik=2tacc’):{ a:>a=2,b:4
b=a’
CAu 6. (Truong chuyén tinh Lam Déong nam 2020-2021)
Tim céc s6 ty nhién n sao cho n? +18n+ 2020 1a s6 chinh phuong.
Loi giai
Vi n?+18n+ 2020 la sé chinh phuong nén ta dat n? +18n + 2020 = k>
& (n+9)° +1939 = k*

& k?—(n+9) =1939 & (k—n-9)(k+n+9) =7.277
k—-n-9=7
= (Do nke N)
kK+n+9=277
k=142
& .
n=126
Vay n=126.
Cau 7. (Truong chuyén tin Lang Son nam 2020-2021)
1) Cho a,b la c4c s6 nguyén duong théa man a—1va b+ 2021déu chia hét cho 6. Chiing minh
4* +a+bchiahét cho 6.
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2) Tim tat ca cac s6 nguyénté p sao cho p 1a udc cua 5° —2P. Tim tat ca cac sb nguyéntd p
-2
p.q

va g sao cho la mot s6 nguyén.

Loi giai

1) Taco: 4% +a+b=(4"+2)+(a-1)+(b+2021)- 2022,
Ma 4 +2=(4"-1)+3=(4-1).(4" " +4* " +..+4+1)+3:3
Va 4% +2 1a s6 chin nén chia hét cho 2.

Suyra (4°+2):6

Theo bai ra (a-1):6, (b+2021):6.

Lai c6 202236 .

Suyra 4" +a+b=(4"+2)+(a—1)+(b+2021) - 2022:6.

2) Vi (5” —2"): p. Theo dinh Ii Fermat nho ta co:

5" =5(mod p); 2” =2(mod p) = 5" —2° =5-2=3(mod p)

Ma p lasé nguyén to nén p=3.
5 —20)(5°—2°) (5°-2°) 2 32132 , :
Tacé( )( )=( ) _ur 313 eZ, q laso nguyén to.
p.q 3q 3q
Suyra q=3;13.

=3, 0=3
Veiy{ID f

7 p=3q=13"
Cau 8. (Truong chuyén Nam Pinh nam 2020-2021)
a) Tim cac s6 nguyén x,y thoa man x* +y® = xy> +1.
.z . 1 b . X
b) Cho cac so nguyén duong a,b,c thoa mén c—I—Z: a+—. Chuang minh ab la lap phuong
a
ctiia mot s6 nguyén duong.
Lai giai
a)Taco x* +y* = xy +1<:>(x3 —1)—y2 (x=1)=0 (:)(x—l)(xz +x+1-y")=0
x=1

=4 .
y=x"4+x+1
+V6i x =1, khi d6 phuong trinh c6 nghi¢m (1;y) véi y lasé nguyén.

FV6i Y =x* +x+1 & (2y) —(20+1) =3 & (2y—2x—1)(2y+2x+1)=3.

Lap bang xét cac truong hop

2y—2x—1 1 -1 3 -3
2y+2x+1 3 -3 1 —1
X 0 —1 -1 0
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| | L -1 L -
Vay tap céc gid tri (x:y) thoa man 1a {(01),(0;—1), (= 1;—1),(~ 1:1), (1), y € Z}.

b) Ta co c+%:a~|—2<:)abc+a:a2b+b2
a

Suy ra a chia hét cho b, dat a = bk,k € N", thay vao diéu kién ta duoc
b’kc + bk =b’k* +b* < bkc+k=bk* +b.
Suy ra b chia hét cho k va k chia hét cho b, suyra b=k, suyra ab=>5b", ta c6 diéu phai
chttng minh.
Céau 9. (Truong chuyén tinh Phu Tho nam 2020-2021)
Phan tich sé 210720202021 thanh téng cua k s6 tu nhién a;a,;...;a . Dat
S=a’+a+...+a’. Tim chit sb tan clng cta S.
Loi giai
Phan tich s6 210720202021 thanh tong cua k sé tu nhién a;a,;...;a, . Dat
S=a’+a+...+a’. Timchir s6 tan cing cua S.
V6i neN taco (n°-n)i10
Thatvay (n®—n)=(-Dn(n+1)(n*+1):2 vneN
(n®—n) =[(n—1)n(n +1)(n-2)(n+2)+5n(n’ —1)}25 vheN
=(n°-n)i10 vneN
Suyra (af-a)i10 (i=12...k)

:>[(af+a§ +.+3;)—(a +a, +...+ak)]510
— (S —210720202021):10. Vay S c6 sé tan cing Ia 1.
Cau 10. (Truong chuyén Quang Nam nam 2020-2021)
Tim tt ca cac sb tu nhién nthoa man 3" —81a lap phuong cua mot sb tu nhién.
Loi giai
Pit3"-8=a*>=3"=a’+8. Vi 3"ludn la sb I& nén alasé Ié.
TH1: a=1
3"-8=1=3"=9= n=2(Théa min)
TH2: a=2k+1(keN")
3"-8=(2k+1)’
(2k +1)

2k +1+ 2)[(2k 1) -2(2k+1)+4]
=(3k +3)(4k* +3)

=3(k +1)(4k2 +3)

=3"=
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Vi VT =3"ludn la s 1. VP =3(k +1)(4k* +3) ludn chin véi k e N” nén loai.
Vay: n=21lagid tri can tim.
Cau 11. (Truong chuyén Hau Giang nam 2020-2021)

n’—5n+4
n_

Tim tat ca cac s6 tu nhién # sao cho 1a mot s6 nguyén.
Loi giai
n—5n+4 na A

n—->5 n—->5

Taco

Khi do6

2 .
n—Sn+d n+ 4 asé nguyén khi va chi khi 4:(n-5).
n—>5 n—>5

Cau 12. (Truong chuyén Thai Nguyén nam 2020-2021)
Cho s6 nguyén duong N théa man 2n+1 va 3n+1 1a cac s6 chinh phuong. Chitng minh
15n +8 1a hop sé.

Loi giai

Khi d6 ta co:
9a’-b*=9(2n+1)-(3n+1)
< (3a—b)(3a+b)=15n+8.

Vi a,beN suyra 3a+b>1. Tacan ching minh 3a—b>1

Hay 3v2n+1—-+/3n+1>1<3v2n+1>1++/3n+1
<9(2n+1)>3n+2+2v3n+1<15n+7 >12n+4 (ludn ding)

Vay 15n +8 1a hop sb.
Cau 13. (Truong chuyén Tin Thai Nguyén nam 2020-2021)
a) Tim céc cap s6 nguyén duong (X; y) théaman x> =y’ +y+8.

b) Chang minh P =5+17%°" + 2020%°** khong la s6 chinh phuong.
Loi gidi

a) Ta co:

X* =y’ +y+8

S AXP=4y* +4y+32

& (2x)" =(2y+1)" +31

< (2x—-2y-1)(2x+2y+1)=31 (*)

Vi X, Y 1a c4c s6 nguyén duong néntacd 1<2X—2y—1<2Xx+2y+1
2x-2y-1=1 {x=8

Nén tur (*) suy ra =
2x+2y+1=31 |y=7
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b) Ta co:
5= 1( mod 4)

17 =1(mod 4)=17*"* =1(mod 4)

2020 = 0(mod 4)

Suyra P =2(mod 4)

Vay P khong la s6 chinh phuong vi mot s6 chinh phuong chia cho 4 chi ¢6 du 1a 0 hoac 1.
Cau 14. (Truong chuyén Quang Ninh nam 2020-2021)

o , ab(a+b) .,
Tim tat ca cac cap so6 nguyén duong (a; b) sao cho —————= 1a s6 nguyén.
ab+2
Loi giai
b b 2 b 2 b
ab(a+ )=(a+ - (a+ )€Z<:> (a+ )eZ
ab+2 ab+2 ab+2
2(a+b)

<2

a>1 b21:>(a—1)(b—1)20<:>a+b£ab+1< ab+2 =
ab+2
2(a+b) 2(a+b)

2(a+b) ) _
>0, két hop voi el =>—==1
ab+2 ab+2 ab+2

o 2a+2b=ab+2<(a-2)(b-2)=2.

Két hoo dk a.b . a-2=1 a:3hv a-2=2 a=4
a,b hguyen = = oac Rt .
=P Y b-2=2"b=4 *Va_2-1 " b=3

KL: Cac cip s6 can tim la (3;4) va (4;3).
Cau 15. (Truong chuyén Quang Binh nam 2020-2021)

Tim tat ca cac s6 nguyén duong n sao cho M = n.4" + 3" chia hét cho 7.
Loi giai

Vi n =2k (ke N') thi M =247 + 3% = 2k +1).4% - (16" - 9")
Vi (16" —9"):7 va 4*" khong chia hét cho 7 nén
MiT & 2k+1i7T=2k=Tt-1=n=Tt—1(teN')

Vinchinnéntle =>t=2m+1=>n=14m+6 (meN)
Thir lai, tathdy n = 14m + 6 (m € N) thoa mén bai toan.
Voi n = 2k+1 (k e N) thi

M — (2]6 + 1).42k+1 + 32k+1 — 2k.42k+1 + (42k+1 + 32k+1)
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VI (4% 4+ 371) T va 47! Kkhong chia hét cho 7 nén

M7To2%T=k=Tm=n=14m+1 (meN)
Thir lai, tathdy n = 14m + 1 (m € N) thoa man bai toan.

Vayn =14m +6 hoacn =14m +1 (m € N) thi M chia hét cho 7.

Cau 16. (Truong chuyén tinh Qudang Tri nam 2020-2021)
1. Tim céc s6 nguyén duong N dé n® + 2020 1a s chinh phuong.
2. Chuang minh rang c6 thé chon 3 s6 &, a,, &, trong 7 s6 nguyén t6 phan biét bat ki sao cho
P=(a-a,)(a —a,)(a, —a,) chiahétcho 216.
Loi giai
1) Goi m la sé nguyén duong sao cho m? =n? +2020.
Khi d6 (m+n)(m-n)=225.101

i . . |m+n=202 m+n=1010
Tacd (m+n)+(M-n)=2m va m+n>m-n nén hoac
m-n=10 m-n=2

Giai ra ta dwoc M =106;n =96 hoic M= 506;n =504
Vay n®+2020 14 s6 chinh phuong khi n=96 hozc h=504.

2) Trong 7 s6 nguy@n tb phan biét, c6 it nhat 5 s6 16n hon 3. Chon 5 s6 16n hon 3 d6. Cac s6 trong 5
s6 nay chia cho 3 ¢6 s6 du 1a 1 hodc 2. Nhu thé ¢ it nhat 3 s6 khi chia cho 3 ¢6 cuing sé du. Chon
ra3so a,a,,a,

Khi d6 cac hi€u g —a; :6.Vay P:216

Cau 17. (Trwong chuyén tinh Nghé An dé du bi ndm 2020-2021)

a) Chiing minh rang véi moi sé tu nhién n thi A=n®—n* chia hét cho 240.

b) Tim céc sb nguyén duong &, b, ¢ sao cho a”+1 va b?+1 déu 1a sé nguyén t6 dong thoi
(a2 +1)(b2 +1) =c’+1.

Loi gidi

a)Tacs: A=n®—n*= n“(n4 —1) - n“(n2 —1)(n2 +1) =n*(n-1)(n+1)(n*+1)
=n*(n-1)(n+1)[(n*~4)+5] =n*(n-1)(n+1)(n-2)(n+2)+5n*(n-1)(n +1)
= A:15 véimoin (1)
Néunlaséchin n*:16 = A:16
Néu n 1a s6 I¢ thi (n —1)(n +1) :8 va (n2 +1)E 2= A:16
Tudéo = A:16 voi moin (2)
Tu (1) va (2) = A (16x15) =240, vi (15,16)

1

Lién hé tai liéu word toan SPT va zalo: 039.373.2038 TAI LIEU TOAN HOC



Website:tailieumontoan.com

b) (a* +1)(b® +1)=c® +1 (1) Khong mét tinh tng quat, gia st &> b.

Taco (1) < b’(a®+1)=c*-a’=(c-a)(c+a) (2) =(c-a)(c+a)(a*+1)va

c>a
(c-a)i(a’+1)=c-axa’+1=cza’+a+l

. (do @® +1 12 s6 nguyeén td).
(c+a)i(a’+1)=>c+axa’+1=cza’-a+1

Suyrac>a’—-a+1 (3)
Tir (2) va (3) = b?(a’ +1)2(a—1)2(a2 +1)=b’>(a-1)" = b>a—1. Kéthep vi
a>bsuyraa=bhoich=a-1
TH1: a=b, thay vao (1) ta co (a2 +1)2 =c’+1 <::>(a2 +1—c)(a2 +1+ c)=1 (vd nghiém
via’+1+c>23)
TH2: b=a-1=a=b+1=a*+1=b*+2b+2>2.Ma a*+1 lasd nguyén té
=b?+2b+2 lasélé = Db* 16 = b*+1 1asé nguyén tb chin
Ssuyrab’+1=2=b=1=a=2,c=3
Vay (a,b,c)e{(£2;3),(213)}

CAu 18. (Trueong chuyén tinh Nghé An nim 2020-2021)

a) Tim tit ca cac sb nguyén duong X, y vasé nguyénts p thoaman p* —y* =4.

b) Chtrng minh ring néu m, n 13 hai sé tu nhién théa mén 2m? +m=3n°+n
thi 2m+2n+1 1a s6 chinh phuong.

Loi gidi

a)p -y =4 (1),taco ()<= p* = y“+4y2+4—(2y)2
o pr=(y' -2y+2)(y*+2y+2)
Néu y=1= p*=5= p=5x=1
Néu y >2 va x=1thay vao 2 tac p=(y* -2y +2)(y*+2y+2) (loai, vi
y +2y+2>y -2y+2=y(y-2)+222)

yo—2y+2:p

Néu y>2 va XZZ,kéthqpvéri(Z)suyra{ =4y:p

Yy +2y+2:p
=4:phoicy:p
THL: 4:p=>p=2

TH2: y ' p,kéthopvsi Y +2y+2:psuyra2:p=p=2
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Thay p=2 vao (1)tacé 2 =y* +4 (3)

Viy22nentr(3) =>2°>2"+4=20=>x>4=2":8

Tir (3) = Y* chin = y* :8= y* + 4 chia cho 8 du 4. Suy ra phuong trinh (3) v6 nghiém.
vay (x.y,p)=(L15)

b) Tacs 2m° + M =3n"+n < 2(m* —n*)+m—n=n’ < (m-n)(2m+2n+1)=n’
1)

m-n:d

2m+2n+1:d

=(2m+2n+1)-2(m-n)=(4n+1):d ()

Goi d :(m—n,2m+2n+1):>{

Te@) =>n":d’=n:d (3)
Tu(2va@) =>1:d=>d=1=(m-n2m+2n+1)=1 (4)
T (1) va (4) suyra M—N va 2m+ 2n+1 déu la sé chinh phuong, ta co dpem.
Cau 19. (Truong chuyén tinh Hai Phong nam 2020-2021)
Giai phuong trinh nghiém nguyén z’y — zy — 22° 4 bz = 4.
Loi giai
Phuong trinh ban dau twong duong véi Xy (X —1) = 2x* —5x+4

2
:>y(x—1):2X_—X5X+4:2x—5+; (do x=0)
Vi X,y €Z nén x e{+l];+2;+4}

Lap bang céc gia tri

X 1 1 2 2 4 4
11 - 11 14 4
y = 3 == il 2
2 y 3 1 5 3

Ma X, y € Z nén nghiém cua phuong trinh 1a (x;y)=(2;1)

Céau 20. (Truong chuyén tinh Gia Lai nam 2020-2021)
Tim nghiém nguyén duong ctia phuong trinh

2x* ~8x+62=(x-1)y* +(x* ~6x+5)y.
Loi gisi
Vi X,y nguyén duong, ta c
2x* —8x+62=(x—-1)y* +(x* ~6x+5)y
<:>(y—2)[x2+(y—4)x—(y—3)]=56
< (x=1)(y-2)(x+y-3)=56.
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~ Nhanthdy (x—1)+(y—2)=x+Yy—3, nén ta phai phan tich s6 56 thanh tich cua ba s6 nguyén ma

téng hai sé dau bang sb con lai 56 =1.7.8=7.1.8.
Xét cac truong hop xay ra, ta duoc nghiém nguyén duong cta phuong trinh 1a (2;9),(8;3).
Cau 21. (Truong chuyén tinh Vinh Long nam 2020-2021)
a) Cho P =2.6""+6"—3. Chirng minh rang P chia hét cho 25 v&i moi s6 tu nhién n.
b) Tim cac nghiém nguyén cua phuong trinh x* —xy +y*—-4=0.
Loi gidi
a) Taco 6" —1=(6-1)(6""+6"*+..+1):5=>6" =5k +Lk e N
Khi d6 P =2.6%" +6" —3=2(5k +1)° +5k +1—3=50k? + 25k i 25
b) Tacd 4x* —4xy+4y* =16 < (2x—y) +3y? =16 < (2x-y)’ =16-3y?
Vi (2x—y)" >0 nén 16-3y* >0 = y* <5 = y* € {0;1; 4}
Néu y* =0 thi X’ =4 & x=42
Néu y? =1 thi (2x—y)” =13 khong 1a sb chinh phuong nén loai y =1
Néu y’ =4 & y=42
+ Khi y=2 thi x=0 hoac x=2
+ Khi y=-2 thi x=0 hoac x=-2
Vay phuong trinh 6 6 nghiém nguyén 1a S ={(-2;0);(2;0);(0;2);(2:2);(0;-2);(-2-2)}

Cau 22. (Truong chuyén Dién Bién nam 2020-2021)

Cho n 14 sb nguyén duong. Biét ring 2n+1 va 3n+1 12 hai sé chinh phuong. Chtrng minh
rang n chia hét cho 40.

Loi giai

Pit 2n+1=x?> = x1é = 2n =(x—1)(x+1):4 vi x—1; x+1 chan = n chan
bit 3n+1=y* =y I¢ (do n chdn) va 3n=(y-1)(y+1):8 vi y—1 y+1 la hai s6 chdn lién
tiép ma (3;8) =1=n:8 ().
Ta c6 mot s6 chinh phuong chia cho 5 du 0 hoac 1 hoac 4.
Mit khéc x* +y* =5n+2 = X, y? chia cho 5 du 1
Nén n=(3n+1)-(2n+1)=(y* - x*)5 (2).
Tu (1), (2) va (5;8) =1= n:40. Bpem.
Cau 23. (Truwong chuyén tinh Hoa Binh nam 2020-2021)

Tim cac so nguyén x va y thoaman: xy?+y? —x*+xy—2x+y=0

Léi giai

Xy2+ Yy =X+ xy—2x+y=0 (x+1)y* + y(x+1) - (x+1)°* =-1
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x+1=1 0
yo+y-—x-1=-1
=S
X+1=-1 an
Y +y-x-1=1

Giai (I) duoc cac nghiém (0;0);(0;-1)
Giai (II) dugc cac nghiém (-2;0);(-2;-1)
Cau 24. (Truong chuyén tinh Ha Nam bi nam 2020-2021)
Tim tat ca cac cap s nguyén duong (x;y) théaman 2° —y* +4y+61=0.
Loi giai
Taco (1) =2  +65=(y-2) .
Vi 65 chia hét cho 5 va 2* khong chia hét cho 5 véi moi x nguyén dwong nén néu cip sé nguyén
duong (.x;y) thoa man phuong trinh (1) thi y—2 1as6 nguyén khong chia hét cho 5. Suy ra

(y—2)2 Eil(modS).
Do d6 2" = il(modS), suy ra x =2k, véi k 1asb nguyén duong.
Thay vao phuong trinh (1) ta dugc:
2 +65=(y-2) @65=(y-2+2").(y-2-2") (@

Vi k;y nguyén dwongnén y—2+2 >0 tr(2)suyra y—2-2">0va y—2+2" >y-2-2%,
Do do6

y—2+2"=65 k=5 x=10
y-2-2'=1 y=35 y=35
=

=

y-2+2F =13 {k=2 {x=4
y-2-2f=5 [l=11 [[{y=1l

Viay phuong trinh da cho ¢6 hai nghiém nguyén duong la (10;35) va (4;1 1)
Cau 26. (Truong chuyén tinh Yén B&i nam 2020-2021)
1. Tim tAt ca c4c s6 tu nhién n sao cho A=n?+2n+8 1a s chinh phuong.
2. Cho biéu thic P =ab(a+b)+2, vsi a,b 1a cac s6 nguyén. Chirng minh rang néu  gia tri cua
biéu thirc P chia hét cho 3 thi a—b chia hét cho 3.
Loi giai

K+n+l=7 k=4
1)bat n*+2n+8=k* (keN) < (k+n+1)(k-n-1)=7 < T N
k-n-1=1 n=2

V6i N=2 tacd A=16 = 4> 13 s6 chinh phuong.
2) Taco ab(a+b)+2 chiahétcho 3, suyra ab(a+b) chiacho 3 du I.

Suy ra hai s6 a,b khong chia hét cho 3 va phai c6 ciing sé du khi chia cho 3.
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Gia sir @,b déu chiacho 3 du 1 thi ab(a+b) chiacho 3 du 2 (tréi gia thiét) .
Suyra a,b déu chiacho 3 du 2.Vay a—b chia hét cho 3.
Cau 27. (Truong chuyén tinh Ba Ria Viing Tau nam 2020-2021)
Tim tét ca cac cap sb nguyén (x;y) thoa man: x(x+y)’ —y+1=0.
Loi gidi
Nhan 4x vao hai vé caa phuong trinh ta dugc
432 (x+y)" —4xy +4x=0 e 4(x° +xy)2 —4(X* +xy)+4x* +4x=0
(26 + 2xy—1)2 +4x2+4x-1=0

Suyra 4x* +4x-1<0 = (2x +1)2 <2.Do (2x +1)2 |a s chinh phuong 1& nén (2x +1)2 =1
{x =0
=
x=-1
Voi x =0, thay vao phuong trinh ta dugc -y +1=0< y=1.
V6i x = -1, thay vao phuong trinh ta dwoc —(—1+ y)2 —y+1=0-y*+y=0cy=0;y=1.
Vay ¢6 3 cip s6 nguyén (x;y) théa man la (0;1),(-10),(-11)
Cau 28. (Truong chuyén tinh Gia Lai nam 2020-2021)
Tim nghiém nguyén duong cua phuong trinh

2x* —8x+62=(x-1)y* +(x2 —6x+5)y.
Loi giai
Véi X, Y nguyén duong, ta co
2x* —8x+62=(x-1)y* +(x* ~6x+5)y

= (y—Z)[x2 +(y—4)x—(y—3)} =56

< (x=1)(y-2)(x+y—-3)=56.
Nhén thiy (x—1)+(y—2)=X+y—3, nén ta phai phan tich s6 56 thanh tich cua ba s6 nguyén ma
téng hai sé dau bang sb con lai 56 =1.7.8=7.1.8.
Xét cac truong hop xay ra, ta duoc nghiém nguyén duong cua phuong trinh 1a (2;9),(8;3).
Cau 29. (Truong chuyén tinh Gia Lai nam 2020-2021)
Tim tat ca céc s6 nguyén duong z, v, z 1a nghiém cua phuong trinh

7 (y3 +2") = 2020 (zyz + 2), biétring & > 1 va y + » chiahét cho 101
Loi giai

Vi 295,101 = 2 (3 + 2*) - 2020ayz = x(:v2 (v +2)- 2020yz) nén z khong c6 u6c s nguyén
t6 nao ngoai cac s c6 thé 1a 2;5;101.

Vi 2020 = 2%.5.101 nén ta co6 cac lap luan sau:
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e Néu z:5 (hoic z:101) thi z*:5* (hoac 2:101°) nhung 2020(xyz+2)/53 (hoic

2020z +2) f101°).
e Néu z =2° thi z°:2° nhung 2020<xyz +2) = 23.5.101(2yz + 1)/26
Tu nhitng 1ap luan trén, tasuy ra z = 1 (loai) hodacz = 2.
Khi z =2 ta dugc phuong trinh 3° + 2° = 5.101(yz + 1) ).

Pit y + z = 101k, k 12 s6 nguyén dwong s& tim sau.

Tu ¢’ +2° = (y + z)[(y — z)2 + yz} ta duoc

5.101(yz + 1) =101k [(y - z)2 + yz} S k:(y - z)z + (k: - 5)yz =5 (**).

Te tén ta  suy ra (k: - 5)yz <5, do d k<5. That vay, néu
k>5=1<(k-5)yz <5=y,2<5= y+2z <101 (Mau thudn).

Ta xét cac truong hop: 0 <k <5

Tur (*) tasuy ra dugc y° + 2° 15, tasuyra y + 215

Néu y, z cung chia hét cho 5 thi ¢* + 2*:5°

trong khi d6 5.101(yz +1) = 5.101.y2 + 5.101 /5

Do d6 ca hai y, z déu khong chia hét cho 5.

Taco k(y—z)2 +(k—5)yz =5 < 3kyz = —k(y+z)2 +5yz+5

Vi yf5, 2[5 nén k5.

. 2 y—z=1
Véi k=5, thay vao (**) ta duoc 5(y —2) =5 < .
y—z=-1

| y—z=1 I y =253

) y+ 2z =505 z =252
Ta dugc cac h¢ phuong trinh = :
y—z=-1 y =252

y + 2z =505 z =253

Vay phuong trinh da cho cé cac nghiém (x; v z) la:
(2:252;253),(2;253;252)

Cau 30. (Truong chuyén Quang Ngdi nam 2020-2021)
1. Tim tat ca cac s nguyén duong n sao cho n® —n —5 1as6 chinh phuong.
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2. Ta nhan thdy sé 2025 thoa man tinh chét rat dep: 2025=(20+ 25)2. Tim tit ca cac sb tu
nhién c6 bén chit sé abed ciing thoa mén tinh chit trén, nghia 1a abed = (%+H)Z.
Loi giai
1) S&6 n? —n —5 chinh phuwong < 4n® —4n—-20=k?, véi ke N.
& (2n-1)° -k* =21 (2n+k-1)(2n—k-1)=21.
Vi (2n+k—1)>(2n—k—1)> Onén c6 cac truong hop sau
{2n+k—1:21 {2n+k—1:7

hoac .
2n-k-1=3

2n—-k-1=1
Tim duoc n=3,n =6.
2) Gia sir abed 1 s6 thoa tinh chat trén, abed = (%+a)2.
Pit x =ab,y=cd, tac6 10<x <99, 0<y<99. khidé abcd =100-ab+cd =100x +y

Do d6, ta c6 100X +y = (X + y)2
suyra10<x+Yy <100
<> 99x :(x+y)2 —(x+y)=(x+y)(x+y-1)
Vi vé phai 1 tich caa hai s6 tu nhién lién tiép cd hai chix sé nén 99x phai duoc phan tich ¢ dang
do.
Ta biét cac boi cua 11 ¢6 hai chit s6 gom {11, 22, 33, 44, 55, 66, 77, 88, 99} hdi cua 9 c6 hai chir
s6 gom {18, 27, 36, 45, 54, 63, 72, 81, 90, 99}
Nhu vay x chi ¢6 thé 1a céc sé sau {98, 20, 30}.
Kiém tra truc tiép ta thay cac s6 9801, 2025, 3025 thoa tinh chét cua dé bai.
Cau 31. (Truong chuyén tinh Hai Duong nam 2020-2021)
1) Tim nghiém nguyén duong ctia phuong trinh:

\/;+\/§:\/z+2\/§
2) Tim tit ca cac sb tu nhién a dé a-2;4a?-16a+17;6a’-24a+25 déu la cac sb
nguyen to.
Loi giai
1)\/§+\/V:\/z+2\/§
= 2\/x—y=z—x—y+2\/§
= 4xy =(2-X—Y)? +8+42(z-x—Y)
+Néu z—x—y =0 thi vé phai 1a s6 v ti, vé trai la s6 nguyén duong. Vo li.

z—x—y:OQ{z:x+y

+Néu z-x-y=0=
4xy =8 Xy =2
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Vi x, y la cac s6 nguyén duong nén x=1y=2 hoic x=2;y=1=>z=3.
Vay céac nghiém nguyén duong cia phuong trinh la (1;2;3),(2;1;3).
2) Pit a—2=p (p la s nguyén td)
= 4a’*-16a+17=4(a’ -4a+4)+1=4p° +1
= 6a’-24a+25=6(a-2) +1=6p*+1
Do p 1as6 nguyén té nén 4p?+1>5va 6p° +1>5
Taco 4p*+1=5p°—(p-1)(p+1)va 6p*+1=5p°+5+(p+2)(p-2)
+ Xét truong hop p : 5
Maplasdénguyénténén p=5 —a=7
Ther lai véi a=7thi a—2=5; 4a*-16a+17 =101;6a” - 24a+25= 151 1a c4c sé nguyén to.
+ Xét truong hop p khdng chia hét cho 5, ta c6 cac trudng hop sau:
- Néu p chia 5 du 1 hogc 4 thi (p-1)(p+1) : 5=4p*+1:5
= 4p® +1 khéng la s6 nguyén t6
- Néup chia cho 5 du2 hogc 3thi (p—2)(p+2) : 5=6p°+1:5
= 6p° +1 khong l1a s nguyén té
Viy a = 7 la gia trj can tim.
Cau 32. (Truong chuyén tinh Binh Phudc nam 2020-2021)
a) Giai phuong trinh nghiém nguyén sau: y* +2y =4x’y +8x+7.
b) Tim tat ca cac bo s6 nguyén duong (a,b) thoa man b*+3aia’n.
Loi giai
a) Phuong trinh da cho twong duong véi : y? — 2(2x2 —1) y—8x—-7=0.
Chung ta xem day 1 phuong trinh bac hai ddi véi bién y . Do d6, ¢ phuong trinh c6 nghiém
nguyén thi A 1a s6 chinh phuong.
Taco: A=4(x'—x+2x+2) =4(x+1)" | (x-1) +1]
- Néu x=-1. Thay vao phuong trinh ta dugc: y?-2y+1=0< y=1.
Do d6 (x;y)=(-11) la mot nghiém cua phuong trinh.
- Néu x#—1.Khi d6, @ A 1as6 chinh phuong thi phai ton tai s6 ae Z" sao cho:
(x—l)2 +l=a’ < a’ —(x—l)2 =l (a-x+1)(a+x-1)=1

[(a—x+1=1 [(a=1
a+x-1=1 Xx=1

=
a-x+1=-1 a=-1
a+x-1=-1 x=1
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=5

V¢i x =1, thay vao phuong trinh ta duoc: y* -2y -15=0< B __3
Thir lai, ta thay cac nghiém (1;,5),(1-3) théa man.
Vay phuong trinh da cho c6 ba nghiém nguyén (x;y) la (x;y)=(-11),(%5),(L-3)
b) Do b? +3a‘a’b nén ton tai sé nguyén duong k sao cho: b? +3a=ka’b hay
b? =ka’h—3a=a(kab—3) nén b*:a.
Hon nita, do 3a = ka’b—b’® =b(ka’ —b) nén 3aib.

b> 3a , b°+3a b

va —— =

Do d6, cac s —;— > —+— lacac s6 nguyén duong.
a b a’b a® ab

Taco: 2 (£+ij—§+i la mot s6 nguyén duong nén a(§+g)—3+9—a la mot s6 nguyén
"bla® ab) a b’ ' a b’ b? '

duong hay i—? la mot sé nguyén duong; do d6 9a:b?.

N b’m=9a
Khi do, ton tai hai so6 nguyén duong m,n sao cho: { o2
an=

Tir d6, suy ra mn=9. Do d6, ne{1,3,9} nén b’ e{a,3a,9a}. Khi dé, diéu kién ban dau cua bai

toan tr thanh: na+3a‘a’bh < n+3:ab
Ta xét ba kha ning c6 thé ¢6 cua n nhu sau:

, 2: 2: :1
- Néu n=1thi b. a<:> b a<:> a
4:ab 4:p® b=1

p 2 _ b2=a \
. Néu n=3 thi {b 361@{ , - Do b laboi cia 3 nén khong ton tai (a;b).

6:ab 18:b
, 2: 2= :1
- Néu n=9 thi b_ 9a<:> b a<:> a
12:ab 108:h° b=3

Vay ¢6 hai cap sé thoa yéu cau bai toan 1a (1,1),(13).
Cau 33. (Truong chuyén Lam Son Thanh Hoa nam 2020-2021)
1. Tim céc cdp s6 nguyén (X;y) théa man xy® —(x— 2)(x4 + 2x+1) =2y2,

2. Chimg minh ring néu 2" =10a+b ( voi a, b, n 1a cic s6 tu nhién théa man
0<b<10, n>3)thi ab chia hét cho 6.
Loi giai
1. xy? —(x—2)(x4+2x+1):2y2 <:>(x—2)(x4 +2X+1- yz):0<:>[x4=2 ,
X" +2x+1=y

TH1: x =2 thi moi gia tri y eZ déu thoa man.
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TH2: x>2,tacd x*' <x*+2x+1=y? <x4+2x2+1=(x2+1)2, ma x 1a s6 nguyén nén x* va
(x2 +1)2 12 hai s6 chinh phuong lién tiép. Suy ra khong ton tai s6 nguyén y thoa man.
TH3: x<-2,taco x* >x"+2x+1=y*>x* - 2x° +1:(x2—1)2, ma x 1a s6 nguyén nén x* va
(X2 —1)2 1a hai s6 chinh phuong lién tiép. Suy ra khong ton tai sé nguyén y théa man.
TH4: x=-1=y*=0=y=0.
TH5: x=0=y’=1=y=+1.
TH6: x=1=y’=4=y=142.
Vay céc cdp s6 nguyén (X;y) thoaman la (-10), (0;£1), (L+2) va {(Z;y)/ yeZ}
2.Vi 2"=10a+b ma 0<b <10 nén 2" cotancungla b.
Diat n=4k+r (véi k, r 13 cic s6 ty nhién théa man 0<r <3), khi d6 2" = 2% =16*.2"
TH1: r=0=2"=16" cotan cing 12 6, suyra b=6 = ab:6 (1).
TH2: 1<r<3 thi 2"-2"=2" (16k —1) c6 tan cung bang 0 ( vi 16" —1 ¢6 tan cung bang 5). Suy ra
2" cotan cung la 2" , hay b=2". Khi d6
10a=2"-bh=2"-2"=2"(16" -1)i(16-1)=10a:3=a:3=>abi6 (2)
Tt (1) va (2) ta duoc diéu phai chirng minh.
Cau 34. (Truong chuyén tin tinh Vinh Phic nam 2020-2021)

a) Tim tat ca cac s6 nguyén to p sao cho 2p® +3p +4 ciing 1a s nguyén to.

b) Tim tit ca cac s6 nguyén duong a,b,c,d thoamén al+bl+cl=d!.

Cho biét ki hiéu n! Ia tich c4c s6 tu nhién tir 1 dén n.

Léi giai

a) Néu p:3= p=3thi 2p* +3p+4=31lasd nguyén té suy ra p =3 thoa man.
Néu p=3k+1LkeN thi 2p® +3p+4=2(3k +1)" +3(3k +1)+4 =18k” + 21k +9:3, két hop voi
2p° +3p+4>3suyra 2p’ +3p+4 khdng la s6 nguyén to.
Néu p=3k+2,k e N thi 2p* +3p+4=2(3k+2)" +3(3k +2)+4 =18k’ + 33k +18:3, két hop voi
2p°+3p+4>3suyra 2p’+3p+4 khong la sé nguyén té.
b) Gia sir a<b<c, két hop véi gia thiét ta dwoc 1<a<b<c<d.
*)Néu a<b=al+al(a+l)..b+al(a+l)..c=al(a+l)..d
=1+(a+l)..b+(a+l)..c=(a+l)..d =>1la+1 voli.
*)Néu a=b thi 2al+c!=d!
+) Néu a=b <c thi tir phwong trinh trén ta duoc:
2al+al(a+l).c=al(a+l)..d < 2+(a+l)..c=(a+l)..d

T phuong trinh nay ta dugc: 2:a+l=>a=1
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Véi a=1=b=1, ta dugc phuong trinh 2+c!=d!
+Néuc>2=c!:3,d!1:3=2:3 voli.
+Néuc=2=4=d!voli.

+) Néu a=b =c thi tir phuong trinh di cho ta duoc:

) a=2

3al=d!=3=(a+1)..d :>3:a+1:>{d _3

Vay (ab,c,d)=(2,2,2,3).

Cau 35. (Truong chuyén tinh Ninh Binh nam 2020-2021)

Tim tit ca cac sé nguyén n sao cho n?+2022 1 sé chinh phuong.
Loi gidi

Dit n? +2022 = y* véi y 1as6 nguyén khéc 0.

n*+2022=y* < (y—n)(y+n)=2022.

Co (y—n)+(y+n)=2y laséchannén (y—n) va (y+n) cung tinh chin Ié

Néu (y—n) laséléthi (y+n) cinglé = (y—n)(y+n) lasélé

= (y—n)(y+n)=2022.

Néu (y—n)lasd chanthi (y+n)ciing chdn = (y—n)(y+n):4 = 20224 (voly)

Vay khong ton tai n thoa man bai toén.

Cau 36. (Truong chuyén tp Ho Chi Minh nam 2020-2021)

Tim tat ca cac s6 nguyén duong X, y thoa man phuong trinh 3 —y* =1.
Loi giai

T gia thiéttaco y* =3*—1,suyra y° chia 3 du 2, do dé y chia 3 du 2.

Nhu vay y=3n+2 voi neN. Khi do:

3 =y +1=(y+1)(y* -y +1) = (3n+2+1)[ (3n+2) ~(3n+2)+1|=9(n+1)(3n" +3n+1).

Ta thay rang sé nguyén duong (3n2 +3n +1) 1a wéc cua 3* nhung lai khong chia hét cho 3, do d6
3n°+3n+1=1,taclan=0.Vay y=2,x=2.
Céch 2: Taco 3“ = y* +1=(y+1)(y* - y+1).Do do, ton tai cac sé ty nhién u,v sao cho
y+1=3"
{yz —y+1=3"
Vi y+1>1nén 3 >1 hay u>1. Rat y=3"-1, thay vao phuong trinh duéi, ta c6
(3" -1)°-(3"-1)+1=3" hay
3 -3.34+3=3" 313" 4+1=3"

Vi vé phai nguyén nén ta phai c6 v—1>0 hay v>1. Tuy nhién, néu v—1> 0 thi 3" chia hét cho
3, trong khi vé trai khdng chia hét cho 3, vo 1y. Do d6, v=1 hay
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Y -y+l=3y -y=2.
Giai ra dugc y = 2. Thay vao d& bai, ta dugc 3 = y*+1=9 nén x=2.
Vay nén tat ca cac nghiém cua phuong trinh da cho 1a (x, y) = (2;2).
Cau 37. (Truong chuyén tinh Phu Tho nam 2020-2021)
Phan tich s6 210720202021 thanh tong caa k s6 ty nhién a;;a,;....;a, .

P3tS =a; +a_ +...+a,. Tim chir s tan cling cua S.

Loi giai
Véi neNtacé (n°—n)i10
Th@tvay(n5—n):(n—l)n(n+1)(n2+1)52 VneN
(n5—n)=[(n—1)n(n+1)(n—2)(n+2)+5n(n2—1)}55 vneN
=(n°-n)10 vneN
Suyra (a7 -, )10 (i=12;....k).
:[(af+af+...+a§)—(ai+a2+...+ak)}510
= (S —210720202021):10. Vay S ¢6 sé tan cuing la 1

Cau 38. (Truong chuyén Phu Tho nam 2020-2021)

Tim cac s6 nguyén x,y thoa man~/9x? +16x + 96 + 16y = 3x — 24
Loi giai
Ta co /Ox2 +16x +96 +16y = 3x— 24 <> \JIx? +16x +96 = 3x —16y — 24
Dit 3x-16y—-24=a v6i ae N". Khi d6 9x* +16x+96=a’
& 81x? +144x+864 =92’ < (9x+8)" —(3a)" =800
< (9x+8-3a)(9x+8+3a)=—-800 (*)
Thay a=3x-16y—24vao (*)
= (9x—24y -32)(3y+5)=-25
= 25!(3y+5) ma 3y+5chia3 du2 = 3y+5e{-15,-25}
- V6i 3y+5=-1< y=-2= x=1(Thoa mén)
- V6i 3y+5=5< y=0= x=3(Loai vi a<0)
- V6i 3y+5=-25< y=-10= x=-23(Thoa man)
Vay (x,y)=(L-2),(-23;-10)
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O,

CAC BAI TOAN TO HOP VA LOGIC

Cau 1. (Truong chuyén tinh Bdc Giang nam 2020-2021)
Trong mat phang cho 2020 diém phan biét sao cho tir ba diém bét ky ludn chon ra dwoc
hai diém c6 khoang céch nho hon 1cm. Chirng minh rang ton tai mot hinh tron c6 ban
kinh bang 1cm chira khong it hon 1010 diém trong 2020 diém da cho.
Loi gidi

Goi A la mot diém bét ky trong s6 2020 diém da cho.

Xét hinh tron (A;lcm).

Truong hop 1: Néu hinh tron (A;lcm) chua tat ca 2019 diém con lai thi ta c6 diéu phai
chttng minh.

Trweong hop 2: Néu trong 2019 diém con lai ton tai diém B nam ngoai hinh tron
(Ailcm) thi AB>1cm, vé& duong tron (B;lcm). Ta chimg minh 2018 diém con lai hoac

)
thugc hinh tron ( A;lem) hoac thudc hinh tron (B;lcm).
C

That vay: Gia sir ton tai diém C trong 2018 diém con lai nam ngoai ca hai hinh tron

(A;lcm) va (B;lcm) nhu hinh v& Khi do AC >1cm va BC >1cm. Nhu vay voi ba

diém A, B, C thi khoang cach caa hai diém bat ky ludn I6n hon 1(méau thuin véi dau

bai).

Vay 2018 diém con lai hodc thudc hinh tron (A;lcm) hoac thudc hinh tron (B;lem) .

Theo nguyén ly Dirichlet ton tai mot hinh tron chia it nhat 1009 diém da cho va chta

thém diém A hoic diém B.

Vay ton tai mot hinh tron c6 ban kinh bang 1cm chira khong it hon 1010 diém da cho.
Cau 2. (Truong chuyén tinh Bdic Ninh ndm 2020-2021)

Mot bang 6 kich thuéc 2nx2n 6 vudng, 1a sé nguyén dwong. Ngudi ta danh dau vao 3n

6 bat ki cua bang. Chirng minh rang c6 thé chon ra nhang van cot cua bang sao cho cac

6 dugc danh ddu déu nam trén n hang va ncot nay.

Loi giai
Ta chon ra n hang chira s6 6 duge danh déu nhiéu nhét. Ta s& chimg minh trong n hang
con lai, s6 6 duoc danh dau khong qua n
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Gia st nguoc lai, tirc 1a & n hang con lai, ¢6 nhiéu hon n 6 duoc danh diu hay 1a ¢4 it
nhat 1 hang trong n hang khéng duoc chon ra nay cé chira nhidu hon 2 6 dwgc danh
dau.(2)
Mat khac, vi téng $6 6 dugc danh diu trong cac hang dugc chon ra nhiéu hon n nén téng
s6 6 duge danh ddu nho hon 2n

1 hang trong cac hang duoc chon ra chira it hon 2 6 duoc danh dau. (2)
Ttr (1) va (2) suy ra mau thuan.
Suy ra sb 6 dugc danh du trong n hang con lai khong vuot qua n 6.Nén, ta c6 thé chon
ra ncot chira n 6 nay.

n cdt va n hang dugc chon ra la ta can tim.
Cau 3. (Truong chuyén tinh Lang Son nam 2020-2021)
Bén trong hinh chir nhat ¢6 chiéu dai 101cm va chiéu rong 20cm cho 10101diém. V&

10101 hinh tron c6 tam lan luot 13 10101 didm da cho va ban kinh déu bing v/2 cm. Hoi
c6 hay khdng 6 diém thudc vao phan chung caa 6 hinh tron nhan 6 diém 4y lam tam? Tai
sao?
Loi gii
Chia hinh chir nhat thanh 101.20 = 2020 hinh vudng canh 1cm. Do c6 10101 diém chua
trong 2020 hinh vudng nén theo nguyén Ii Dirichlet thi c6 it nhat mot hinh vuéng chua
khong it hon 6 diém (10101=5.2020+1).
Khoang céch giira hai diém bt ki trong hinh vudng don vi khong vuot qua duong chéo
cta né tac 1a khong Ién hon/2 cm.
Goi 0,;0,;0,;0,;0,;0, 1a sau diém cung nam trong mot hinh vudéng don vi nao d6, né
c6 thé nam trén canh hinh vuéng. Véi sau dudng tron tamO;;0,;0,;0,;0,;0, ban kinh
bing +2cm chéc chén sau diémO,;0,;0,;0,;0,;0,déu nim trong sau dudng tron nay
nghia 1 nam trong phan chung ctia sau hinh tron c6 tam 1a cac diém O,;0,;0,;0,;0;; 0, .
Cau 4. (Truong chuyén tinh Nam BDinh nam 2020-2021)
a) Ban dau c6 2020 vién soi dé trong 1 chiéc tdi. C6 thé thyuc hién cng viéc nhu sau:
Budc 1: Bo di 1 vién séi va chia tui nay thanh 2 tui mai.
Budéc 2: Chon 1 trong hai ti ndy sao cho ti d6 c6 it nhat 3 vién soi, bo di 1 vién tir tdi ndy va
chia ti d6 thanh 2 ti méi, khi do6 c6 3 thi.
Budc 3: Chon 1 trong 3 thi ndy sao cho tai d6 c6 it nhat 3 vién soi, bo di 1 vién tir tdi nay va
chia tii @6 thanh 2 t4i moi, khi d6 ¢o6 4 tui.
Tiép tuc qua trinh trén. Hoi sau 1 s6 budc o thé tao ra trudng hop ma mdi thi cé ding hai
vién soi hay khong?
Loi giai
Sau mdi budc sb soi giam di 1 va s6 tai tang 1én 1 suy ra téng sb soi va s6 tai khong thay doi
sau méi bugc.Tong nay la 2021.
Gia st sau mot s6 budc cd thé tao ra trudng hop ma mdi tai co dang 2 vién soi, khi do téng s6
toi va s6 tli phai chia hét ho 3.
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Do 2021 khéng chia hét cho 3 nén mau thuan suy ra diéu gia sir 1 sai.
Vay khong thé tao ra trudng hop ma mdi thi c6 ding 2 vién soi sau mot sé budc.
Cau 5. (Truong chuyén tinh Phu Tho nam 2020-2021)
Cho X la mot tap hop gdbm 506 sé nguyén dwong d6i mot khac nhau, mdi s6 khong Ién
hon 2020. Chitng minh trong tap hop X luén tim duoc hai phan tir x,y sao cho x—y
thugc tap hop E ={5;10;15}.
Loi giai
Ta chia c4c s6 nguyén tir 1 &én 2020 thanh 101 nhom:
{1 2;...;20};{2L,22;...;40};...;{41981,1982;...;2000};{2001; 2002;.. .; 2020}
Vi ¢6 506 sé nguyén duong khac nhau nén theo nguyén 1y Dirichlet ton tai mot nhém co
chira | 29€ | 1126 s6 tro len.
101
Hiéu cua hai sb bat ky trong nhém trén luén 16n hon 0, nhé hon 20. Trong céc sé nay
lubn c6 2 sb 6 ciing s du khi chia cho 5, nén hiéu 2 sb nay chia hét cho 5. Gia sir hai sb
nay la x, y;(x>vy)
Tir do taco x—y e{5;10;15} ta dugc diéu phai chirng minh.
Cau 6. (Truong chuyén tinh Thai Nguyén nam 2020-2021)
Ban Chi dwoc thuéng mdi ngay it nhat mot chiéc keo, nhung trong 7 ngay lién tiép, tong sb keo
Chi nhan dugc khdng qué 10 chiéc. Chirng minh trong mot sé ngay lién tiép, tng s6 keo Chi nhan
duoc la 27 chiéc.
Loi gidi
Xét 28 ngay lién tiép tir ngay thir nhat dén ngay tha 28 ma Chi nhan dugc keo.
Goi T (n) latong s6 keo Chi nhan dugc dén ngay thir n. Vi tong s6 keo Chi nhan duoc trong 7
ngay lién tiép khong vuot qua 10 chiéc néntaco:1<T (1) <T(2) <...<T(28) < 40.
Xét 28 s6 nguyén duong phan biét T (1), T (2) peeey T (28). Theo nguyén 1y Dirichlet, ton tai hai s6
T(a)=T(b)(mod 27) véi 1<a<b<28 hay [T(b)-T(a)]:27.
Mit khac tacé: 1<T (b)-T(a)<39 suyra T(b)-T(a)=27.

Vay tir ngay thtr a+1dén ngay thir b thi Chi nhan dung 27 chiéc keo.
Cau 7. (Truong chuyén tin Thai Nguyén nam 2020-2021)

Cho mat bang 6 vudng c6 kich thugec 2020x 2020 (gdm 2020 hang va 2020 cot). Ngudi ta
t6 mau den 3030 6 vudng bat ki ciia bang. Chirng minh rang cé thé chon ra 1010 hang va 1010 cot
ctia bang sao cho cac 6 dugc t6 mau den déu nam trén 1010 hang hozc 1010 cot da chon.

Loi giai
Vi ¢6 2020 cot nén ta co thé chon ra 1010 cot ¢6 s 6 duoc t6 mau den nhiéu nhat. Khi ¢é c6 hai
kha nang xay ra:
Kha ning 1: Trong 1010 cot da chon chira hét 3030 6 mau den, khi d6 ta chon 1010 hang bat ki thi
bai toan dugc giai quyeét.
Kha niang 2: Trong 1010 c6t da chon khong chira di 3030 6 mau den.
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Ta di chirng minh s 6 mau den con lai nho hon hoac bang 1010. Khi dé, ta chi can chon ra 1010
hang chira cdc 6 mau den con lai thi bai toan dugc chieng minh.

That vay, gia str s6 6 mau den con lai I6n hon 1010 (hay tong s 6 den trong 1010 ¢t dd chon nho
hon 2020). Theo nguyén Iy Dirichlet, trong 1010 cot con lai khong duoc chon, c6 it nhat 1 cot chta
hai 6 mau den.

Mt khac vi 1010 cot ta chon chtra s6 6 mau den nhiéu nhat nén mdi cot phai chira it nhét 2 6 den.
Suy ra tong s6 6 den trong 1010 cot dd chon I6n hon hodc bang 2020 (mau thuin)

Vay diéu gia st 1a sai. Bai toan duoc giai quyét hoan toan.

Cau 8. (Truong chuyén dy bi Nghé An nam 2020-2021)

Trong hinh chit nhat c6 chiéu dai bang 800 cm, chiéu rong bang 10cm cho 2020 diém phan
biét. Chirng minh rang khi d6 ton tai mot hinh tron c6 béan kinh bang 1cm nam trong hinh chit nhat
ma khéng chira diém nao trong 2020 diém da cho.

Loi gidi

A 800 cm B

20

&
0
a

10 cm

=

0 Cc

Gia stt ABCD 14 hinh chit nhat c6 AB =800cm, BC =10cm; A’B’C’D’ 14 hinh chit nhat c6 tam
trung véi tam cua hinh chix nhat ABCD sao cho A'B'|| AB,B'C'||BC,C'D'||CD,D"A'|| DA
va A'B'=798cm, B'C'=8cm

V& 2020 hinh tron béan kinh bang Icm c6 tim 1a cac diém ban dau.

Goi C, Ia hinh tron ciia diém thir i, i =1,2020 va S, la dién tich ciand thi S, = z€m?, vsi
i =1,2020.

2020
Tacé Y S; =20207 =2020.3,14 = 6342,8cm’
i=1
Mt khac: S, 5o = 6384Cm’
2020

Tur Z S; <Spgcp Vamoi C, ndm tron trong ABCD nén ton tai mot diém M nam trong hinh
i1

chir nhat A’B’C’D’ va khdng thudc cac hinh tron C, da cho véi 1<1 <2020,

Goi C Ia hinh tron tam M ban kinh bang 1cm, khi d6 hinh tron C khéng chira diém nao trong
2020 diém da cho. Suy ra dpcm

Céau 9. (Truong chuyén tinh Nghé An nam 2020-2021)
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Trong hinh chit nhat c6 chiéu dai bang 149 cm, chiéu rong bang 40cm cho 2020 diém
phan biét. Ching minh rang ton tai it nhat hai diém trong s6 2020 diém da cho ma khoang cach
gitta ching nhé hon 2cm.

Loi giai
Gia stt ABCD 14 hinh chit nhat c6 AB =149cm, BC =40cm; A’B’C’D’ 1a hinh chir nhat ¢
tam trung va6i tdm caa hinh chir nhat ABCD sao cho

A 151 cm B’

149 cm

a2 .
N

O
S
O

42 cm 40 cm

Q

33@

A'B'|| AB,B'C'||BC,C'D'||CD,D'A'|| DA va A'B'=151cm, B'C'=42cm

V& 2020 hinh tron ban kinh bang 1cm c6 tim 1a cac diém ban dau.

Goi C, la hinh tron cia diém thiri, 1=1,2020 va S, la dién tich ciand thi S; = em?, vi
i=12020.

2020

Taco Z S, = 20207 > 2020.3,14 = 6342,8cm’
i=1
Mt khac: S, gc.p = 6342CM°
2020

Tur ZSi > S gerp Vamoi C; nam tron trong A’B’C’D’ nén ton tai
i1

1<i<2020,1< j<2020,i# j saocho C;NC, #¢.

Goi O;,0; twong ing 12 hai tam cua C; va C; (khi do O;,0;thudc vao tap hop 2020 diem da
cho). Tacé O,0; <R; +R; =2Cm (trong d6 R; = R; =1cmIa ban kinh cua C; va C;). Suy ra

dpcm
Cau 10. (Truong chuyén Hai Phong nam 2020-2021)

Giasirrang A 1atap hop con cua tap hop {1; 2: 3. 1023} sao cho A khong chira hai s6

nao ma sé nay gap doi sb kia. Hoi A c6 thé c6 nhiéu nhat bao nhiéu phan tir?
Loi giai
Chia cac sb tir 1 dén 1023 thanh céc tap con A, ={1}, A ={2;3}, A, ={4;56;7},
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A ={89;..115), A = {16:17;..:31), A ={32;33;...;63},

A = {64; 65;...;127} VA = {128;129;...;255} A= {256;257;...;511}

A, ={512;513;...;1023}

D& thiy s6 phan tir cia tap A 1a 2,k =0,1,...,9.

Nhanthiy ne A < 2ne A ..

Xét A=A UA UAUAUA = |A=512+128+32+8+2=682, r6 rang A khong chira s nao
gap doi s6 khéc.

Ta chi ra rang khdng thé chon tap con ¢6 nhiéu hon 682 s6 thoa méan bai ra.

That vay: Gia sirtap A théa man yéu cau bai toan va chira a, phan tir thugc A , k =0,1,..,9.

Xét cac tap hop Ava A,,. Vi me A tly Y, tacd 2me A ;. S6 cac cap (m,2m) nhu vay la 2¢
va trong mdi cap nhu vay c6 nhiéu nhat mot s6 thudc A.
Ngoai ratap A, con chira 2° s I¢, tic Ia c6 nhiéu nhat 2% + 2¢ = 2 sé thuoc A dugc lay tir A

va A,
Suy ra a,+a <2'a,+a,<2%a,+a <2°a,+a, <2",a,+a, <2°. Cong cac bit dang thic ta
duoc a, +a, +a, +---+a, <682. Vay sb phan tir I6n nhat caa A 13 682.
Cau 11. (Truong chuyén Yén Bai nam 2020-2021)
Cho 25 diém nim trong hodc nam trén canh ciia mot luc giac déu canh 6cm. Ching minh
rang co it nhét hai trong s6 cac diém da cho c6 khoang cach khong vuot qua 3cm.
Loi giai

+ Gia st 25 diém da cho nam trong hodc nam trén canh cua luc giac déu noi tiep dudong tron tdm

+ N6i O v6i 6 dinh cua luc giac tao thanh 6 tam giac déu. Khi d6 s& c6 it nhit 5 diém nam trong
hay trén canh cua mdt tam giac déu trong s6 6 tam giac do6 (theo nguyén 1y Dirichlet)

+ Gia sir 5 diém trong 25 diém d6 cting ndm trong hay nam trén canh cta tam giac déu OAB .

+ Goi M, N, P lan luot 1a trung diém cua cac doan thing AB, OB, OA. Khi d6 bdn tam giac
AMP, BMN,ONP, MNP 14 cac tam gidc déu canh bang 3cm .

+ Nim diém nam trong hay ndm trén canh cta tam giac OAB s& c6 it nhat hai diém nam trong mot
trong hay nam trén canh cua mot trong bon tam giac déu trong s6 bon tam giac trén (theo nguyeén ly
Dirchlet). Khoang cach giita hai diém d6 khong quéa 3cm .

Cau 11. (Truong chuyén Quang Ngdi nam 2020-2021)
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Cho 16 s6 nguyén duong 16n hon 1 va nho hon 2021, d6i mot nguyén tb cing nhau. Chiang
minh rang trong 16 sb trén c6 it nhat mot s6 1a s6 nguyén to.
Loi giai
Gia sir 16 s6 da cho gom a,, a,, ..., &, VA tat ca chung déu 1a hop sb.
Goi p; la udc nguyén t nho nhét caa sb a; (véi i=1,...,16).
Vi 16 s6 da cho doi mot nguyén té ciing nhau nén 16 s6 P, 1a phan biét.

Goi p, = Max {p;}, khi d6 p, =51 vinhé hon 51 chi ¢4 15 s6 nguyén t
1

=1,...16

{2,3,5,7,11,13,17,19,23,29,31,37,41,43,47} .

Ma p, 1a wéc nguyén té nhé nhét caa a, nén a, >p, -p, >51° = 2601, mau thuan véi
a, <2021.

Vay trong s6 cac s6 da cho phai c6 it nhat mot sb 1a sé nguyén to.
Cau 12. (Truong chuyén Lam Son- Thanh Héa nam 2020-2021)

Trén mot dudng tron nguoi ta ldy 2024 diém phan biét, cac diém duoc t6 mau xanh va
mau d6 xem ké nhau. Tai mdi diém ngudi ta ghi mot sé thuc khac 0 va 1 sao cho quy tic sau duoc
thoa mén “sé tai mdi diém mau xanh bang téng hai s6 ghi tai mdi diém mau do ké n, sb ghi tai mdi
diém mau do bang tich hai sé ghi tai mdi diém mau xanh k& n6”. Tinh tong 2024 s6 do.

Léi gidi

Theo chiéu kim ddng hd ta goi a,b 1 hai sb ghi tai hai diém mau xanh lién tiép nao d6 trén duong
trong (a,b khéc 0 va 1). Khi d6 sé ghi tai diém mau d6 nam giira hai diém mau xanh néi trén Ia
ab. Theo quy tic ghi s6 da cho, nam diém lién tiép tiép theo sé duoc ghi nim sb lan luot 1a (xem
hinh trén)

b—ab;1-a;l1-a—-b+ab;1-b;a—ab.
Tong céc sb ghi tai diém trén la

a+ab+b+b-ab+l-a+l-a-b+ab+l1-b+a—ab=3.
Ciing theo quy tic ghi s6 nay, d& suy ra diém tha 9 duoc td6 mau xanh va tai do ghi
(a—ab):(1-b)=a. T d6 suy ra diém tha 10 dwoc t6 mau do va ghi sb a—(a—ab)=ab, diém
thir 11 duoc t6 mau xanh va ghi sb ab:a=b.
Nhu vay, bo 8 diém tiép theo duoc 13p lai nhu bo 8 diém dau tién.
Do d6, 2024 s6 da ghi duoc chia thanh 253 nhém, m&i nhém gém 8 s theo quy luat trén.
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~ Vay tong 2024 sb ghi trén duong tron 1a 253.3=759.
Cau 13. (Truong chuyén Vinh Phiic nam 2020-2021)

Thiy Du viét s6 2020”* thanh tdng cua cac s6 nguyén duong rdi dem cong tat ca cac chir
sb cua cac s6 nguyén duong nay véi nhau. Hoi thiy Du cd thé nhan duoc két qua 1a sé 2021 hoic
2022 duoc khbéng? Tai sao?

Loi giai

Nhan xét. Cho s6 nguyén dwong m, ki higu S(m) Ia tong cac chit s cia m. Khi d6
S(m)=m(mod9).
Ching minh. Gia st m=a,a,_,..2a, =a,.10 +a, ;.10 " +...+a,.10+4a,

=a, +a_ +..+38 +3,(mod9)= S(m)=m(mod9).
Tacd 2020 = 4(mod9) = 2020** = 4**!(mod 9) = 4*°"*** (mod 9)
Do 4° =1(mod9) = 2020 = 4*(mod9) = 7(mod 9)
Mat khac 2021=5(mod9), 2022 =6(mod9)
Tir dé suy ra 2020%% = 2021(mod9), 2020™% = 2022(mod9).

Do d6 thay Du khdng nhan dugc két qua 1a 2021 va 2022.
Cau 14. (Truwong chuyén Ninh Binh nam 2020-2021)
Véi sb thuc a, ta dinh nghia phan nguyén caa sé a 1a sé nguyén I6n nhat khong vuot qué a
va ki hieu la [a]. Day cac s6Xg,X,, X, X,,...dugc xdc dinh boi cong thic

X :[n—ﬂ}—[L} Hoi trong 200 $6{Xg,X,, X,y Xpge} €O bao nhiéu sé khac 0? (Biét

VA NG
1,41<+2<1,42)
Loi giai
Ta co xnz[nﬁl}—[\;‘z}< n\/gl—(\;%—lj=%+l<2:>0£xngl
X :0 A . 3
:{X: 1 Nén cac s6 khac 0 chi nhan gia tri bang 1.

PoE w2
{%}:[mo\/ﬂ

Ma 141 <1002 <142 nén s6 céc sb khéac 0 1a 141
Cau 15. (Truong chuyén Long An nam 2020-2021)
Cho da gidc déu 24 canh AA,....A,A,. CO tit ca bao nhiéu tam gidc vuéng nhung khong

phai 1a tam giac vudng can dugc tao thanh tir cac dinh cia da giac trén?

Léi gidi
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~ Dagiicdéu AA,...A A, s&noitiép duong tron tdm O va AA,, AA,,..., A, A, 13 12 duong kinh
~ cuaduong tron trén.

4
T duong kinh A A, tacé 22 tam gide vuong: AA A, AALA, .. AALA,, AALA, ... AALA,
Trong 22 tam giac vudng trén thi c6 2 tam gidc can la AA,A,, AALA,

Tuong tu cho cac duong kinh khéc, tong cong ta ¢ 240 tam gi4c thoa dé bai.
Cau 16. (Truong chuyén Hai Phong nam 2020-2021)

Giasirrang A 1atap hop con cua tap hop {1; 2: 3. 1023} sao cho A khong chira hai s6

nao ma sé nay gap doi sb kia. Hoi A c6 thé c6 nhiéu nhét bao nhiéu phan tir?
Loi giai

Chia cac so tir 1 dén 1023 thanh cac tap con A, = {1}, A ={2;3}, A, ={4;5,6;7},
A, ={8,9;..;15}, A, = {16;17;...;31}, A, = {32;33,....;63},
A, ={64;65;..;127}, A, = {128;129;...; 255}, A, = {256; 257;...;511}
A, ={512;513;...;1023}
Dé thay s6 phan tur cua tap A 1a 24,k=0,1,...,9.
Nhanthiy ne A < 2ne A ..
Xét A=A UA UAUAUA = |A=512+128+32+8+2=682, r6 rang A khong chira s nao
gap doi s6 khéc.
Ta chi ra rang khdng thé chon tap con ¢6 nhiéu hon 682 s6 thoa méan bai ra.
That vay: Gia sartap A thoa man yéu cau bai toan va chira a, phan tir thugc A , k =0,1,..,9.
Xét cac tap hop Ava A,;. Vi me A tly Y, tacd 2me A ;. S6 cac cap (m,2m) nhu vay la 2¢
va trong mdi cap nhu vay c6 nhiéu nhat mot sé thudc A.
Ngoai ratap A, con chira 2° s I¢, tic la c6 nhiéu nhat 2% + 2¢ = 2 sé thugc A dugc lay tir A
Vé‘ Ak+l'

Suyra a,+a, <2'a,+a,<2%a,+a, <2°,a,+a, <2’ ,a,+a, <2°. Cong cac bt dang thac ta

duoc a,+a, +a, +---+a, <682. Vay sb phan tir I6n nhat caa A 13 682.
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Chuven de|(10 )

CAC BAI TOAN HINH HOC

Cau 1. (Truong chuyén tinh Bdc Giang nam 2020-2021)
Cho tam gidc ABC nhon ( AB < AC ) néi tiép duong tron tdam O. Céac duong cao AD,
BE va CF cuatam giac ABC ddng quy tai H . Goi M 1a trung diém cua doan thang
BC, K la giao diém cua hai duong thang BC va EF .
1) Chirng minh rang KB.KC = KE.KF va H 1a tam duong tron ndi tiép cua tam giac
DEF .
2) Qua diém F ké duong thang song song véi dudng thang AC , dudng thang nay cat
cac duong thang AK, AD lan lugt tai P va Q. Ching minh FP = FQ.
3) Chitng minh rang duong thang HK vuéng goc voi duong thang AM .

Léi gidi

1. (2,0 diém) Chang minh raing KB.KC = KE.KF va H 1a tim dudng tron noi tiép cua
tam giac DEF .

Chi ra ta giac BFEC noi tiép va tam giac KBF dong dang vai tam giac KEC

Khi do6 Ez% < KB.KC = KE.KF.

KC
Chi ra t gidc BDHF noi tiép, suy ra FBH = FDH (1)
Chi ra tir gisc CDHE noi tiép, suy ra HDE = HCE (2)
Tacé FBE = FCE (3) vi tr giac BFEC noi tiép.

Tir (1), (2) va (3) = FDH = EDH = HD la phan giéc cia FDE (4)
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Chirng minh twong tu, ta dwgc HE la phan giac cua FED (5)
Tir (4) va (5) = H la tam duong tron ngi tiép tam gidc DEF .

2. (2,0 diém) Qua diém F ké dudng thing song song véi dudng thing AC , dudng
thang nay cét cac duong thang AK, AD lan lugt tai P va Q. Chang minh FP =FQ.

Goi N 1a giao diém cua AD va KE

Theo tinh chat duong phan gic trong cua tam gidc DEF ta co %:% (6).
Tac6é KD la phan giac ngoai cua tam giac FDE tai dinh D . Theo tinh chat duong phan

. . . , DF

lIac ngoal cua tam giac DEF tacO —=——(7).

Jiac ngoat cuatam 9 <€ DE ")

NF KF
T (6)va (7) = —=——
(6) va (7) = === (8)

NF _FQ , KF _FP
NE AE  KE AE

Vi PQ song song véi AC , theo dinh li Talet mo rong ta co:

(9)

Tir (8) va (9) = — 2= = FQ = FP (dpe).

3. (2 diém) Chung minh rang duong thang HK vudng goc véi duong thang AM .

Goi | 1a giao diém cua KA véi duong tron (O) (1 khac A)va A’ 1a diém doi xtng véi
A qua O.

Chung minh dugc tr giac BHCA' 13 hinh binh hanh. Suy ra ba diém H, M, A’ thing
hang.

Vi ti giac AIBC ngi tiép duong tron (O) nén KI.KA=KB.KC

Theo phan a) thi KB.KC = KF.KE . Suy ra KI.KA=KF.KE = t& gidc AIFE ndi tiép.
Vibadiém A, E, F thudc duong tron duong kinh AH suyra | thudc dudng tron
duong kinh AH = Al L HI.
Taco AIA =90° = Al L A'l . Kéthop véi Al L HI suyrabadiém H, I, A thing
hang.
Mt khac ba diém H, M, A’ thang hang
Suy rabéndiém H, M, I, A’ thang hang.
Xét tam gidc AKM c¢6 AH L KM va MH L AK nén H latruc tdm tam gidc AKM .
Suyra KH 1L AM (dpcm).

Cau 2. (Truong chuyén tinh Bdic Ninh ndm 2020-2021)
Cho ntra duong tron tam O duong kinh AB =2R, goi | 1a trung diém cua doan OA, V&
tia Ix vubng goc AB Véi cit nia duong tron tai C. Lay diém E trén cung nho
BC(E#B,E#C) ndi AE cit Cl tai F.
a) Chuang minh rang BEFI Ia t& giac noi tiép.
b) Goi K 1a giao diém cua hai tia BE va Ix. Giasir F 1a trung diém cua IC . Chiing
minh rang hai tam giac AIF va KIB dong dang. Tinh 1K theo R
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Léi giai

K

a) Co6: AEB =90°( chin nira duong tron duong kinh AB)

— FEB=90°= E e dudng tron duong kinh FB (1)

Co: FIB=90°(IXx L ABtai 1 )= | e dudng tron duong kinh FB (2)

Te(1)va()= E,I,F,B thudc cing 1 dudng tron= T gidc BEFI Ia tir gi4c noi tiép
b) Xét AKFE va AKBIco:

KEF = KIB = 90°

- = AKFE - AKBI (g.g)= KFE = KBI (2 gbc trong ng)
FKE chung

Ma KFE = AFl (2 goc déi dinh)= KBI = AFI
Xét AAFI va AKBI c0:

AIF = KIB = 90° _ 5 \ ‘
o = hai tam gidc AIF va KIB dong dang (g.9)
AF1 = KBI
Al FI
— —=—( 2 cap canh tuong tn
K BI( ap ce gung)
Xét ACIO co:
IC?=C0O*-10° = ICZ:RZ—(%R)Z: IC2=%R2:> |C:§R
IF:EIC( F 1atrung diém IC)= |F:1£R:£R
2 2 2 4
R V3.
co AL_FL 4 _ 4 _ Vg
Kl  BI KI 3R 4
4
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y Cau 3. (Truong chuyén tinh Binh Duong nam 2020-2021)

// Cho tam gidc ABC can tai A (§A\C >90°) noi tiép duong tron (O) bankinh R. M la

diém nam trén canh BC (BM >CM ). Goi D la giao diém cua AM va dudng tron (O)
(D khéc A), diém H 1a trung diém doan thang BC. Goi E 1a diém chinh giira cung Ién
BC, ED cit BCtai N .

a) Ching minh ring MAMD = MB.MC va BN.CM = BM CN..

b) Goi | 1a tim dudng tron ngoai tiép tam giac BMD . Chang minh ring ba diém B, I, E

thang hang.
c) Khi 2AB =R xac dinhvitri cia M dé 2MA+ AD dat gi tri 16n nhat.
Loi giai
A
B
¢ N
D
a) Ching minh ring MAMD = MB.MC va BN.CM = BM.CN .
Xét AAMB va ACMD c6
ABH = ADC == sd AC
AMB =CMD (2 géc dbi dinh)
Vay AAMBzACMD(g.g):ﬂzm: AM.DM =CM.MB.
CM MD
b) Goi | 1a tam dudng tron ngoai tiép tam giac BMD . Chirng minh rang ba diém B, I, E

thang hang.

ADE = 90° = AAHM > ANDM (g.g) = “H _ AM.
MD  NM

= MH.MN = AM.MD = MH.MN =CM.MB
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MN MB MN+2MB BN+MB BN+MB
MC "MH MC+2MH HC+MH  BM

= MN —MC _ 5N = CN _ 5N = CN.BM =MC.BN
MC BM MC

Taco ABH = ACB = ADB = ADC = AB la tiép tuyén cua (1)=AB LBI.
Ma AB L BE = B, I,E thang hang.
¢) Khi 2AB =R xac dinh vi tri cia M dé 2MA+ AD dat gia tri 16n nhat.

A

m

C6 AAMB «» ACMD = MA _MB = MAMD = MB.MC
CM  MD

= AM.(AD - AM )= MB.MC = (R+OM )(R-OM)

2R?
AD

= MAAD =R*+ AM?-OM? =2R* = MA =

2
C6 2MA+ AD = 4R
AD

+AD > 4R (Bit dang thuc AM-GM)

Dau dang thtc xay ra khi AD=2R, MA=R hay M =0.
Vay khi M =0 thi 2MA+ AD nhan gié tri 16n nhat 1a 2MA+ AD = 4R.
Cau 4. (Truong chuyén tinh Ca Mau nam 2020-2021)
1. Cho AABC c6 cac goc déu nhon. V& duong cao BD va CE cua AABC . Goi H la giao
diém ciia BD va CE.
a) Ching minh rang: Tt giac ADHE noi tiép duong tron.
b) Chung minh ring: DE.AC = BC.AE
¢) Goi O 1a tam duong tron ngoai tiép AABC . Chirng minh ring OA L DE.
Loi gidi
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a) Ching minh rang: Ta giac ADHE nai tiép duong tron
Theo gia thiét ta c6:

AEH = ADH = 90" = t& gidc ADHE noi tiép dudng tron dudng kinh AH
b) Chung minh ring: DE.AC = BC.AE

vi BDC = BEC = 90" (gt)

=t gidc BEDC ndi ti€p

— BED + BCD = 180",

— BCA=BCD = 180° — BED = DEA

3t AAED va AACB c6: DAE chung

DEA= BCA (chting minh trén)

= AAED @ AACB (g.g) = AB _AC . DE.AC=BC.AE
DE BC

¢) Chang minh ring OA L DE.
goi OAcat ED tai F.
AFD = 180 - FAD- FDA
AFD= 180" ~OAC—-EDA (1)
Xt AOAC c6: OA= OC = AOAC cantai O

— OAC = Mzgoo_,@é (2)

Lai c6: EDA= ABC (vi AAED © AACB) (3)

T (1);(2);(3)= AFD = 180" ~(90" ~ ABC)~ ABC = 90° = AF L FD hay AO L ED
Cau 5. (Truong chuyén tinh Bak Nong nam 2020-2021)

Cho duong tron (O;R). Mot duong thang d khong di qua tim O cat dudng tron tai hai

diém A va B, trén tia di cua tia AB ldy mot diém M . Tir diém M ke hai tiép tuyén

MC va MD véi duong tron (O) (C,D la cac tiép diém). Goi H 1a trung diém cua

doan thang AB .
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1) Chtng minh bén diém M, D,0,H cing nam trén mot dudng tron.

2) Doan thdng OM cit duong tron (O) tai 1 . Chimg minh diém | 1a tim duong tron
noi tiép tam giac MCD .

3) V& mot duong thang qua diém O vudng goc véi doan thing OM va cét céc tia
MC,MD theo thu ty hai diém P va Q. Tim vi tri cia diém M trén duong thang d sao
cho dién tich tam giac MPQ nho nht.

Léi giai

M

1) Theo gia thiét, OH L. MH nén H thudc duong tron dudng kinh OM .

MD Ia tiép tuyén cia duong tron (O) nén OD LMD = D thuge dudng tron duong
kinh OM .

Vay bén diém M,0,H,D cung thuoc mot dudng tron dudng kinh OM .

2) Xét hai tam gi&c OMC va OMD c¢6 OM (chung), OC=0D=R,
OCM =ODM =90°.

Suy ra AOMC = AOMD nén OMC =OMD = MO la tia phén giac cua goc CMD.

Xét hai tam giac 10C va 10D c6 Ol=0C=0D=R va COI=DOI nén
AlIOC = AIOD

Suyra IC=1ID —1C=1D = MIC = ICD = ClI Ia tia phén giac cua goc MCD.

Do d6, | 1a giao diém 3 dwong phan gi4c trong tam giac MCD, hay diém | cach déu 3
canh cua tam giac MCD.

Vay | 1a tim dwong tron noi tiép tam giac MCD.

3) Tacé MD.DQ = R?

Co-si

C6 MQ=MD+DQ > 2,/MD.DQ = 2R.
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Sapo = 2S00 = OD-MQ > 2R?,

DAu bing xay ra khi MD = DQ = AMOQ vuéng can = MO =O0P~/2 =R+/2.
Cau 6. (Truong chuyén tinh Ha Giang nam 2020-2021)

Cho dudng tron (O) duong kinh AB va dudng thang d vudng goe voi duong thing
AB tai H (B nam gitta A va H). Lay diém C bétki trén (O) (C khic AB), D la
giao diém ciia AC va d,DE la mét tiép tuyén ciia (O), v6i E 1a tiép diém (E ciing phia
v6i B, bo 1a duong thing AC).
a) Chirng minh: BCDH 14 tir giac noi tiép.
b) Chung minh: Hai tam giac CDE va EDA déng dang.
¢) CMR: biéu thirc (DA — DE?) khong phy thudc vao vi tri diém C trén (O).
d) Goi F 1a giao diém cua duong thang EB va d,l 1a giao diém tht hai cia AF véi
(0) va J la diém déi xtimg cia | qua AB.CMR: F,C,J thang hang.

Loi giai

a) ACB = BHD =90°
= BCDH 14 t&r giac ndi tiép.
b) Do ED Ia tiép tuyén cua (O) nén DEC = EAD (tinh chét goc tao boi tiép tuyén va day

cung)

Xét ADEC va ADAE, ta cé:

DEC = EAD

ADE : chung

= ADEC <« ADAE

¢) Tir y a,b suy ra: DA*>— DE? = DA* -~ DC.DA

= DA(DA-DC)
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=DACA
= AB.AH =const

d) AEF = AHF =90° = AEHF la t& gidc noi tiép
— EAH = EFH (1)

Do ED la tiép tuyén ctia (O) nén EAH = DEF (2)
Tir (1) va (2) = AEDF can tai D.

— DF?=DE?=DC.DA

DF DC
= ——=—

DA DF
Va ADF Ia goc chung
= ADCF - ADFA(c-g-c)
— DFC = DAF =ClJI
Ma 1J//d (do cung vudng goc véi AB) nén F,C,J thing hang (dpcm)

Cau 7. (Truong chuyén tin Ha Tinh nam 2020-2021)
Cho hai dudng tron (O) va (O') catnhau tai A va B sao cho hai tdm O va O’ nim
khac phia dbi véi duong thing AB . Puong thang d thay dbi di qua B cit cac duong
tron (O) va (O) lan lugt tai C va D (d khong tring véi duong thang AB).
1. Xac dinh vi tri ciia dudng thang d sao cho doan thang CD ¢ dé dai 16n nhét.
2.Goi M 1a diém di chuyén tir diém A, ngugc chiéu kim dong hd trén duong tron (O) ;
N 1a diém di chuyén tir diém A, ciing chiéu kim dong ho trén (O”) sao cho goc AOM
ludn bing g6c AO'N . Chimg minh dudong trung truc cia MN luén di qua mét didm cé
dinh.
Loi gidi

1. Xac dinh vi tri ciia duong thang d sao cho doan thang CD c6 do dai 16n nhat.

Ké OH 1 CD;0’l 1 CD;0'K 1L OH = HC = HB;IB = ID
Tacd: CD =2HB +2BI =2(HB+BI)=2HI (1)
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Xét t giac O'KHI ¢6: K = H =1 =90° = O'KHI I hinh chit nhat.
= O0K=HI (2)

Tir (1) va (2) =CD=20K.Ma O'K <0'0 = CD < 20'0

Vay CD 16n nhat bing 20'0 khi d /00’

2.Goi M la diém di chuyén tir diém A, nguoc chiéu kim dong hé trén duong tron (O) ;

N 1a diém di chuyén tir diém A, ciing chiéu kim dong ho trén (O”) sao cho goc AOM

lubn bing géc AO'N . Chimg minh dudng trung truc caa MN Tuén di qua mot diém cb
dinh.

Ké duong kinh AE ciia duong tron (O) va duong kinh AR cua duong tron (O”).
Nén E,F la diém cb dinh. Goi | 1a trung diém cua EF .
= 1 ¢b dinh.
+) Theo bai ta c6: AOIO’ la hinh binh hanh = O'l = AO=0M ; O'N =0'A=0I (1)
AO//O'l; AQ'//Ol nén O] =0, = BAF
+) Ta lai co: AOM = AO'N hay 61261' :@:6;
Tu day suy ra: (/);+(/)\3 :(/)\2’+(/)Z hay MOI = NO'l (2)
Tur (1) va (2) = AMOI =AIO'N (c.g.c) = IM = IN (hay trung truc MN di qua diém
| ¢d dinh).
Do M di chuyén tir diém A nguoc chiéu kim dong hd trén (O); N di chuyén tir diem
A cling chiéu kim dong ho trén (O’) nénkhi M =E;N =F thi MN = EF = trung truc
MN di qua diém 1 cb dinh.

Cau 8. (Truong chuyén Long An nam 2020-2021)

Cho hinh thoi ABCD canh a , ¢c6 ABC =120°. Goi O la giao diém ciia hai duong chéo
AC va BD. Trén cac canh AB, AD tuong (ng ldy cac diém E,F khdng tring véi cac

dinh cta hinh thoi di cho , sao cho EOF =60° . Hay tinh tich BE.DF theo a.
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Léi giai

o

-
F

‘O ‘\‘\;,C

BOE + EOF + FOD =180°
OFD + FDO + FOD =180° t = BOE = OFD

o«

EOF = FDO
, \ _ BOE =OFD
Xét ABEO va ADOFcé: = ABEO# ADOF (g.9)
EBO = FDO
2
_ BE _BO _ BepF-DOBO-223_%
DO DF 22 4

Cau 9. (Truong chuyén tinh Long An nam 2020-2021)
Cho tam gidc ABC(AB<AC) . Lay diém P nam trong tam gidc d6 sao cho AP < AB .
DPuong tron tim A ban kinh AP cit dudng tron ngoai tiép tam giac ABC tai hai diém
phan biét M,N (M khac phia voi C ddi véi duong thing AB ). Puong thaing MN cit
cac canh AB, AC lan luot tai L,K .
a) Ching minh ring ti giac BLKC 1a tir giac noi tiép.
b) Chirng minh rang tam giac ABP ddng dang véi tam giac APL .

Loi giai

a) Chung minh ring t giac BLKC 1a tt gi4c noi tiép.
Tacd: AM = AN = bén kinh
Nén: AAMN cantai A
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Suy ra; AMN = ANM
Ma :

A/I\N:%sdﬁ\l\
—— 1 —_——
ANM :ESd AM

Do do: sdm=sdm
Taco:

mzsdAN+SdBM

sd AM +sdBM

A/CT3=A/CV+@=%sdm+%sdéﬁ=

sd AN = sd AM

Nén : ALN = ACB

Suy ra ttr giac BLKC néi tiép ( géc ngoai bang goc trong cua dinh dbi dién)
b) Chung minh rang tam giac ABP ddng dang véi tam giac APL .

Tach:

— 1 —_

ANL = ESd AM

1 —

ABN = ESd AN

AN = AM

— ANL = ABN
Xét AABN va AANL , ta co:
ANL = ABN (cmt)

NAL = BAN (g6c chung)
Vay : AABN dong dang AANL (g.q)
Suyra: AB = AN

AN AL

= AN’ = AB.AL
Ma: AN = AP = ban kinh
Nén: AP? = AB.AL
Xét AAPL va AABP , ta co:

AP AL

"= (AP?= ABAL)
AB AP

PAL = BAP (96c chung)
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Vay : AAPL ddng dang AABP (g.9)

Cau 10. (Truong chuyén Lam Pong nam 2020-2021)

Cho hinh thang ABCD (AB//CD), hai dudng chéo vudng gdc véi nhau. Biét AC =8cm
: BD =6cm. Tinh chiéu cao hinh thang.

Loi giai
A B
D c E

Gia su AB<CD.
Tur B ké BE //AC, EeCD.Tacé AC L BD;AC // BE = BE L BD = ABED vudng
tai B.
Xét tr gidc ABEC c6 BE // AC(gt) va AB// CE(AB //CD) néntg ABEC la hinh binh
hanh.

Suyra AB=CE va AC =BE =6cm.
Xét ABDE vudng cin tai Bcoé DE* =BD? + BE? = DE? =6 +8° = DE =10cm.
Goi hla do dai duong cao cua hinh thang can tim.

AB+CD CE+CD 6.8

Tacéd S = h= h=—".
ABCD 2 2 2

:E.h=ﬁ:>h=4,8cm.
2 2
Cau 11. (Truong chuyén Lam Pong nam 2020-2021)
Cho hai duong tron (O;R)va dudng tron (O*;R")tiép xdc trong tai diém A( trong d6
R>R"). Goi BCla mot day caa duong tron 16n tiép xdc voi dudng tron nho tai D.
Chirng minh AD la tia phén giac cua géc BAC
Loi giai

7 }

Ké tiép tuyén tai A cua hai dudng tron cit BC tai E.
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Taco ED latiép tuyén cua duong tron (O') (gt), EAIa tiép tuyén cua duong tron (O) (

theo cach dung )= EA=ED

C6 AECA # AEAB (g-0)

_EC_AC_EA __AC_EC_ED_ED-EC_CD
EA AB EB AB ED EB EB-ED BD

= AD la tia phan giac BAC .

Cau 12. (Truong chuyén Lam Pong nam 2020-2021)

Cho tam gid&c nhon ABC. Goi AH,BD,CKla cac duong cao cua tam giac

(T/c ti I¢ thuc)

(H € BC,D € AC,K e AB). Chting minh rang Sk | o2 A+ cos? B+cos? C =1

ABC
Léi gidi

H
2 2
AADK # AABC (g-g) = 0% — ( AD) _ ( AK j
Suec \AB) LAC
%=COSA:>M=COSZ A

AABC

S S
Tuong ty = —A0H _ cos? C ; ABKH _ cos® B
AABC AABC

— S AKDH 1+ cos? A+cos?B+cos?C = Sakor + Sakpa T Sacon T Saxen -1

AABC SAABC

Cau 13. (Truong chuyén Lang Son nam 2020-2021)

Cho tam gidc ABC khong c6 goc tu, AB < AC, noi tiép duong tron(O;R). Trong d6 B, C ¢6 dinh
trén duong tron (O), A di dong trén cung I6n BC . Céc tiép tuyén véi (O)tai B,C cit
nhau tai M . Tir M ké duong thang song song véi AB , dudng thang nay cét (O) tai D
va E (D thudc cung nhd BC), cit BCtai F, cit ACtai | .
1) Ching minh MBIC 14 ti giac noi tiép trong mot duong tron FI.FM = FD.FE.

2) Ching minh MIO =90°. Tim vi tri diém A trén cung Ién BC sao cho dién tich tam
giac 1BC c6 dién tich 16n nhat.
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3) buodng thang Ol cat (O)tai Pva Q(P thugc cung nho AB). Duong thang QF cét
(O)tai T (T khac Q). Chiing minh ba diém P,T,M thang hang.

Loi giai

1) AB//ME = Kl = I: (so le trong)
A- I\TEI:(=%sd éej

— MBC = IA1 ma hai goc co dinh ké ciing nhin canh CM = BICM ndi tiép (dpcm)

Xét AFEC va AFBD c6: BFD=EFC (dbi dinh), BDF = EFC (2 g6c noi tiép ciing

chén EB)
— AFEC [] AFBD (g.g):>E _FC  rbFE-FBFC
FB FD
Xét ABFM va AIFC c6: IFC = MFB (déi dinh), MBC =1, (cmt)=> ABFM [] AIFC
(9.9)
3E=m = FB.FC = FI.FM
IF FC
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= FI.FM = FD.FE (= FB.FC) (dpcm)

2) Taco: OBM +OCM =180° . Ma 2 gbc nay déi nhau nén ti gidc BMCO noi tiép.
Ma BICM nédi tiép nén B,0O,1,C,M thudc cing mot duong tron = BOIC noi tiép
— 1, =C, (ciing chén BO)

BICM ngi tidp = 1, =C,

Lai c6 C,+C, =90° = I, +1,=90° = MIO =90° (dpcm)

B,0,1,C,M thudc cing mot dudng trdn=> S .. 16n nhat khi | 1a dinh chinh gira BC
= 1 =0 = AC la duong kinh.

3) PQ la duong kinh = PTQ =90° hay FTP =90°

ABFT (JAQFC (99) =2 - FT QT —FBFC
FQ FC
Ma FI.FM = FB.FC (cmt) nén FQ.FT = FI.FM :%:%

Xét AFTM va AFIQ co; %:%, IFQ=TFM (déi dinh)=> AFTM [] AFIQ (c.g.C)

— FTM = FIO. Ma FIQ =180°— MIO =180°—90° = 90° => FTM = 90°

— FTP+FTM =180° => PTM =180° = P,T,M thdng hang (dpcm)

Cau 14. (Truong chuyén Nam Dinh nam 2020-2021)
Bai3. Cho tam gidc ABC c6 AB < AC noi tiép duong tron (O). Mot duong tron tiép xuc
véi cac canh AB,AC tai M,N va c6 tam | thuoc BC. Ké duong cao AH cua tam giac
ABC .
a) Chimg minh cac diém A,M,H,I,N ciing thuoc mot duong tron va HA 1a tia phan giac
cta géc MHN .
b) Puong thang di qua | va vudng goc véi BC cit MN tai K. Ching minh AK di qua
trung diém D cua BC.
c) Tiép tuyén ciia duong tron (O) tai B va C cat nhau tai S . Ching minh BAS =CAD.

Loi giai
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a)+ AH L BC = AH L HI nén H thudc duong tron duong kinh Al .

+ Puong tron tdm | tiép xGc véi AB tai M nén AM L MI nén M thudc dudng tron dudng
kinh Al .

+ Puong tron tam | tiép xdc voi AC tai N nén AN L NI nén N thudc dudng tron dudng
kinh Al .

Viy cac diém A,M,H,1,N cung thudc dudng tron duong kinh Al .

+ Xét hai tam giac AMI va ANI c6 Al chung; IM =IN (ban kinh dudng tron tam (1));
AMI = ANI =90° nén AAMI = AANI = AIM = AIN .

Mt khéc, AIM = AHM (g6c noi tiép chan cung AM cia duong tron tam 1); AIN = AHN
(g6c ndi tiép chin cung AN cia duong tron tam 7).

Vay AHM = AHN hay AH latia phan giac cua g6c MHN .
b) Ké duong thing di qua K va song song véi BC cit AB va AC tai P va Q.

Taco IKP+ IMP =180°, suy ra t giac IKPM ndi tiép, suy ra KIP = KMP .
Chirng minh tuong tu ta cd I?I\Q:I?]\a Suy ra I?I;:I?Ia
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Xét tam giac IPQ cb IK vira la duong cao, vira la duong phan giac nén né la tam giac can,
suy ra IK la duong trung tuyén, hay K 1a trung diém cua PQ.

Dung D la giao diém ciia AK va BC.

KP AK KO
BD AD DC

Do PQ//BC, ap dung dinh ly Talet ta c6 ,suyra DB=DC.

Suy ra D la trung diém cua BC.

c) Goi E la giao diém cua AS va BC, G la giao diém thu hai caa AS va (0).

Trén canh BC liy diém D’ khac E sao cho BAE = CAD’, can chitng minh D’ 1 trung
diém cua BC.

Tacd AGB= ACD’ va BAG = CAD' nén AAGB ddng dang AACD' .

GB AG
Suy ra =— 1
y CD' AC @)
Taco AGC = ABD' va CAG = CAD' nén AAGC ddng dang AABD' .
GC AG
Suy ra =— 2
Y1 5D aB @)

Taco SBG = SAB nén ASBG dong dang ASAB, suy ra SB_BG
SA AB
CcG CG BG
—.Suyra —=—-
AC CA BA
Tir (1), (2) va (3) suy ra CD' = BD' hay D’ 1a trung diém cua BC.
Ta c6 diéu phai chizng minh.
Cau 15. (Truong chuyén Nghé An nam 2020-2021)
Cho tam giac nhon ABC(AB<AC) noi tiép duong tron (O). Cac duong cao
AD, BE,CF cuatam giac ABC cit nhau tai H .
a) Chitng minh BC 1a duong phan giac ngoai cua tam giac DEF.

©)

Chung minh tuong ty ta dugc i—j =

b) Goi M 1la giao diém cua duong thang EF véi duong tron (O) (M nam trén cung nho
AB); 0,0, lan luogt I tim dudng tron ngoai tiép tam giac BMF va tam giac CME.
Chtng minh AM L O0, .

¢) Lay diém K trén doan thing HC (K khac H va C), duong thang BK cit duong
tron (O) tai diém tha hai | va duong thang Cl cét duong thing BE tai diém G.

, . L, FK BF.BE
Chung mlnh he thlIC SAGFB = (E‘Fﬁj SACEF .

(Trong d6 S, la dién tich tam giac GFB, S, ... la di¢n tich tam giac CEF).
Loi giai

a)
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- Xét t gidc ABDE , c6: ADB = AEB =90° (do AD | BC:BE 1 AC)

— tr gidac ABDE noi tiép nén ABE = ADE (g6c noi tiép ciing chén cung AE )

Hay FBH = HDE (1)

- Xét tr giac BFHD, c6: BFH = BDH =90° (do AD 1 BC:CF L AB) nén

BFH + BDH =180°

= tir giac BFHD noi tiép nén FBH = FDH (goc noi tiép ciing chin cung FH ) (2)
Tr (1)va (2) suyra HDE = FDH hay DH la tia phan giac cia FDE

Ma DH 1L BC nén BC 1la dudong phan giac ngoai cua FDE .

Vay BC la duong phan giac ngoai cua tam giac DEF
b)
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- Goi J 14 giao diém cua MF véi duong tron (O)
- Xét t gidc BFEC c6 BFC = BEC =90° nén tir giac BFEC ngi tiép
— ABC = AEM (gdc ngoai tai mot dinh bing géc trong caa dinh di dién) (3)

- Trong (O) c6: A/B\C:%Sd,AE:%(SdKJ\+de—C\) (4)
AEM = (sd AM +5d3C (5)

Tir 3), (4), (5) suy ra AJ = AM

Ma m%sdxj;m zgsdm;m:%m

Nén AMJ = ABM = ACM

- Xét dudng tron (O,) 6 AMJ = ABM hay AMF = FBM .
= MA latiép tuyén cua (O,) = MA L MO, tai M

- Xét dwong tron (O,) ¢6 AMJ = ACM hay AME = ECM .
= MA latiép tuyén cua (O,) = MA L MO, tai M

Do d6 MA 10,0,

c)
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G

Ta chirng minh cong thac S ;. =%AB.AC.sin A véi A la goc nhon tao béi 2 duong
thang AB; AC

-
A H

That vay, xét AABC nhon ¢6 dudng cao BH |, ta co:
Spec = % BH.AC = %(AB.Sin A) AC = % AB.AC.sin A
Ap dung cong thuc trén vao AGBF va ACEF ta dugc :

S\ cor :%.BF.BG.sin FBE

S,cer = %.CE.CF.sin ECF

- Xét dudng tron ngoai tiép ta giac EFBC |, 6 : EBF = ECF (g6c noi tiép ciing chén
EF)

Nén S, :%.CE.CF.sin FBE
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1 .
< BF.BG.sin FBE
_ S _2 _BFBG
Sacer ;CE.CF.sin FBe CECF

- Trong (0), c6: ABI =
Hay FBK = ECG
- Xét AFBK va AECG, c6:
FBK = ECG (chirng minh trén)
BFK = CEG =90°

ACI (g6c noi tiép ciing chan Al)

= AFBK - AECG(g - g) = B R L FBEG-ECFK
EC EG
Tacs: FK BFBE _FKCE+BFBE _FBEG+BFBE _FB(EG+BE) _FBBG
FC CFCE  CFCE CF.CE CFCE  CFCE
FK BFBE _S

& ACBE. (‘theo (6))
FC 'CFCE S,

S Syeer = (ﬂ*‘ﬂj-smw
FC CF.CE
Ta c6 diéu phai chitng minh.
Cau 16. (Truong chuyén tinh Phu Tho nam 2020-2021)
Cau 1.
nhau tai H . Goi M 1a trung diém cua BC.

Cho tam giac nhon ABC noi tiép dudng tron (O;R). Cac duong cao AD;BE;CF cit

a) Chirng minh bén diém M; D;E;F cung thuoc mot dudng tron.

b) Chitng minh: AB-BF + AC -CE < 4R?.

¢) Khi vi tri cac dinh A, B,C thay dbi trén dudng tron (O), ching minh rang bén kinh

duong tron ngoai tiép tam giac DEF khong doi.

Loi giai

A B

E
-
=
H
o
B »
D M
~

TAI LIEU TOAN HQOC
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a) Chirng minh bén diém M;D;E;F clng thuoc mot dudng tron.
Vi BE;CF la duong cao nén BEC = BFC =90’
= Tu giac BCEF ngi tiép duong tron thm M duong kinh BC .

= ECF = EBF = EMF (1) (Géc ndi tiép va géc & tam)

Tir gidc BDHF ¢6 BDH +BFH =90" +90° =180 nén néi tiép duoc = HBF = HDF
(2)
Tuong tu, ti gidc CDHE noi tiép dugc = HCE = HDE (3)

— —— e~~~

Tir (1):(2):(3) = EDF = EDH + HDF = ECF + EBF = Z%EMF EMF

Tir EDF = EMF = MDFE néi tiép = Bén diém M:D;E;F cung thuoc mot duong
tron.

b) Chting minh: AB-BF + AC -CE < 4R’

Xét AABD va ACBF c6 B chung ADB = CFB =90° = AABD ~ ACBF (g.Jg)

_, AB_BD _ AB.BF-BC-BD (4
BC BF
Tuong tu AACD ~ ABCE (g.g) = gg g: AC-CE=BC-CD (5)

Cong (4)(5) theo timg vé ta dugc: AB.BF + AC.CE =BC(BD+DC)=BC?.

Vi BC <2R néntacod AB.BF + AC.CE <4R’.

¢) Khi vi tri cac dinh A B,C thay doi trén duong tron (O), chitng minh rang ban kinh
duong tron ngoai tiép ADEF khong doi

Goi A',B',C’ lan luott 1a giao diém cua cac duong thang AD, BE,CF Vvéi (O).

Taco: ABC = AAC (g6c noi tiép chin A'C)
EBC = A’AC (ciing phu véi ACB) = A'BC = EBC

AHBA' ¢4 BD L HA'; ABC = EBC nén cén tai B= BD la duong trung truc cia
HA'= D la trung diém cia HA'
Tuong tw ¢ E; F 1a trung diém cua HB', HC'

. 2o 1
Suy ra ADEF ~ AA'B'C’ theo ti s6 dong dang k = >

Goi r1a ban kinh dudng tron ngoai tiép tam giac DEF ta co:
r DE 1 1 VI ;. .
—= =k =—=r==R khong d6i khi A B,C thay ddi trén duong tron (O).
R AB’ 2 2
Cau 17. (Truong chuyén tinh Quang Nam dé di bi nam 2020-2021)
Cho tam giac ABC cantai A (AB<BC), M latrung diém cua AC , G latrong tam cuatam

gidc ABM .
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a) GoiO la tam duong tron ngoai tiép tam giac ABC . Chitng minh OG vudng gdc véi
BM .
b) Léy diém N trén canh BC sao cho BN =BA. V& NK vuéng géc voi ABtai K,

BE vudng goc véi AC tai E, KF vubng goc voi BC tai F. Tinh ti sb %

Loi giai
Céau 4a.

A

p 0 .
B C
ViO 1a tam dudng tron ngoai tiép tam giac ABC nén AO L BC,OM L AC
Goi E, F lan luot 1a trung diém cua BM , AB.
Goi K 1a giao diém cua AO va BM nén Kla trong tdm cua tam giac ABC

SuyraMK:%MB Ma ME=%MB

Nén MK =%EM

o 2 X N -
Ta lai c6 AG ZEAE (G la trong tam cua tam giac ABM)

Nén GK// ACMa OM L AC

Do d6 GK L OM (1)

Mat khac AO L BC (cmt) va MF//BC (MF 1a duong trung binh ctia tam gidc ABC)
Nén MF L AO hay MG L OA(2)

Tu (1) va (2) suy raK la tryc tam cta tam giac OGM

Do d6 MK L GO hay MB 1L OG.

Céu 4b.
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VeAH L BC (H €BC)
Suy raBH =HC (AABC can tai A)

« 1
Neén SAABH = SAACH ZESAABC

Xét hai tam giac vuong ABH va BKN ta co:
AB =BN (gt) ; (B chung)
Do d¢6 AABH = ANBK (canh huyén — géc nhon )
Theo gt, ta c6: AB=BN vaAB=AC
NénBN = AC
Tacs BE _BEAC Sug _
KF  KF.BN S,
Cau 18. (Truong chuyén tinh Qudang Nam nam 2020-2021)
Cho tam gi4c nhon ABC (AB < BC), ¢6 ba dwong cao AD, BE, CF dong quy tai H .
V& duong tron (0) duong kinh BC . Tiép tuyén cua duong tron (O) tai cit AD tai K.
a) Chang minh KA=KE.
b) Ve&tiéptuyén AM cia dudng tron (O) (M latiép diém). Goi | 1a tim duong tron

ngoai tiép tam giac HDM . Chitng minh O, I, M thang hang.
Loi gidi

Céau b5a.

1 m
B DO

C

Goi K ' 1a trung diém cua canh huyén AH trong tam giac vuong AEH (E =90°)

SuyraK'E=K'A=K'H =%

Nén E = H\l
Ma H, = H, (déi dinh)
Suy ra ﬁl = ﬁ\z

R - o , BC
Trong tam giac vudng BEC (E =90°), taco: OE =0B=0C =

Néné\zz/B\1
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Ta lai c6: B, +H, =90°

Hay: EA2 + E\l =90°
Suy ra K'EO =90°
Hay: K'E L EO
Suy ra K'E latiép tuyén cua (O)
Suyra: K'=K
Do d6: KA=KE
Cau 5b.

N

Ta c6: AABD oo AAHF (F =D =90°, Achung)
AB AD

>—=—
AH AF

= AB.AF = AH.AD (1)

Ta c6: AABM oo AAMF ( AMF = ABM (ciing chin AM ), Achung)
AB AM

>—=—
AM  AF

= AM? = AB.AF (2)

Tir (1) va (2) suy ra: AM? = AH.AD

AD AM
>—=—
AM AH
Ta c6: AADM co AAMH (E:ﬂ (cmt), Achung)
AM AH

— AMH = ADM (3)
Dung tiép tuyén Mxtai M caa (HDM )
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— XMH = ADM (4)

Tu (3) va (4) suy ra: Mx = MA

Suy ra AM la tiép tuyén ciia (HDM ) tai M
= AM 1L Ml

Ma AM L MO

= M, O, | thang hang.

Cau 19. (Truong chuyén tinh Hdu Giang nam 2020-2021)

Cho tam giac ABC nhon, AB < AC va noi tiép duong tron (0). Goi D la diém dbi
xung cua B qua O. Goi H,K lan luogt 13 hinh chiéu vudng goc cua diém B 1én AC va A0,
v6i K khac O vathudce doan thang 40. Goi M la giao diém cua dudng thing HK va BC.

1) Chang minh bén diém A4, B, H,K cung thuoc mot duong tron.

2) Chirng minh tam gidc MHB can.
3) Chitng minh M 1a trung diém cua BC.
4) Cho diém E nam bén ngoai duong tron (O) va mot duong thang d thay ddi nhung
ludn di qua E, dong thoi cat (O) tai hai diém phan biét P,Q. Gia st ban kinh duong tron (0)
bang a. Tinh dién tich 16n nhat cua tam gidc OPQ theo a.
Loi giai
Hinh v& thé hién duoc day du gia thiét.

a) Ta co AHB = AKB =90°nén ti gisc ABKH ni tiép trong dudng tron duong kinh AB. Do do,
bén diém A, B, K, H cing thudc mot dudng tron.
b) Ta c6 BAK = BAO = BHK = BHM (1) ; ABH = DAC = DBC (2) va BAO = ABO (3)

Tu (1), (2) va (3), tasuy ra MBH = BHM.

Suy ra AMBH céan tai M.
¢) Goi F 1atrung diém cia BH. Do AMBH can tai M nén MF L BH.
Mat khéc, tac6 BH L HC. Suy ra MF //HC.

BF BM 1

Suyra — =——=2=. Suy ra M la trung diém cua BC.
BH BC 2

Lién hé tai liéu word toan SPT va zalo: 039.373.2038 TAI LIEU TOAN HOC



Website:tailieumontoan.com

" d) Ké duong cao QI, 1  PO.

1 1 1 1
Tacd S==0P0QI ==aQl <=aQ0==a>
2 Q 2 Q 2 Q 2

S =%a2 khi va chi khi | =0 hay tam gi4dc OPQ vudng tai O (tam giac OPQ ludn ton tai vi ludn
ton tai hai diém P va Q thuoc (O) sao cho POQ =90° va duong thing PQ di qua diém E).
Vay S, =%a2 |a di¢n tich I6n nht cua tam giac OPQ.

Cau 20. (Truong chuyén tinh Son La nam 2020-2021)

Cho dudng tron (O), tir diém A ngoai dudng tron vé dudng thang AO cit dudng tron (O) tai B va
C (AB < AC). Qua A vé& dudng thang khong di qua tim O cat duong tron tai D va E (AD < AE).
Puong thiang vudng goc véi AB tai A, cit duong thang CE tai F.

a) Chting minh ring ta giac ABEF nai tiép duong tron.

b) Goi M 1a giao diém thur hai cua FB véi duong tron (O), chimg minh DM L AC.

c) Chiing minh: CE.CF + AD.AE = AC?.

Loi giai

a) Tacé FAB=90°, Vi AF | AB ,BEC =90°

tt giac ABEF c6 FAB + BEF =180°
Suy ra tu giac ABEF nai tiép.

b) Tacé AFB = AEB bing %sd cung AB (ciia duong tron ngoai tiép tir gidc ABEF )
Mt khac AEB = BMD bing %sd cung BD (cua dudng tron tam O)

Do d6 AFB = BMD = AF //DM ma AF L AC = DM L AC.
c) Xét tam gidc ACF va tam giac ECB

Lién hé tai liéu word toan SPT va zalo: 039.373.2038 TAI LIEU TOAN HOC



Website:tailieumontoan.com

Ac _CF
BC
AABD ~AAEC(g.g):>£=£
AE AC

(1)+(2) = AD.AE +CE.CF = AC(AB +BC) = AC”.

AACF ~ AECB(g.9) = = CE.CF = AC.BC (1)

= AD.AE = AB.AC (2)

Vay CE.CF + AD.AE = AC? (dpcm)
Céau 21. (Truong chuyén tinh Son La nam 2020-2021)

Cho nira dudng tron tam O duong kinh AB. M 1a didm chinh giia cung AB, C Ia mot diém
trén nira duong tron. AC cat MO tai D. Ching minh rang tam dudng tron ngoai tiép tam giac MCD
ludn nam trén mot duong thang cé dinh khi C di dong trén nira duong tron.

Loi gidi
Goi | 1a tam duong tron ngoai tiép tam gidc MDC, xay ra hai kha nang

Truong hop 1. Didm C nim trén cung nho BM

Tacé MID = 2.MCD = 90°.

Lai c6 IM = ID nén tam giac MID vuong can tai I, do do DMI =45°, hay OMI = 45° = OMB.
Suy ra M, I, B thang hang nén I thuéc BM cé dinh

Truong hop 2. Didm C nim trén cung nho AM
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Tuong tu ta c6 MID = 2.MCD = 90°. Ma IM = ID nén tam giac MID vudng can tai I, do do
DMI = 45° = IMO = 135°,
Mat khac OMB = 45° nén IMB = IMO + OMB = 180°,
Suy ra ba diém I, M, B thang hang, hay | thuoc BM cé dinh.
Cau 22. (Truwong chuyén Thai Nguyén nam 2020-2021)

Cho dudng tron (O), tir diém A ndm bén ngoai dudng tron ké cac tiép tuyén AB, AC
véi duong tron (B, C la céc tiép diém). Goi H 1a giao diém cia AO va BC. V& duong kinh
CD cua duong tron (O). Buong thang AD cét duong tron (O) tai M khac D.

a) Chirng minh tam giac AMB va tam giac ABD dong dang.
b) Goi N 1a giao diém cia BM va AO. Chang minh NH? = NM.NB.

Loi giai
B D
(0]
A N H
C

a) Xét tam gidc AMB va tam gidc ABD c6:
ABM = Aﬁ(cfmg bang %sdm)

A chung

Do d6 tam giac AMB va tam giéc ABD déng dang (g-g)

b) Xét tam giac ABO vuéng tai B, duongcao BH c6: AB? = AH.AO (1)

Mt khéc ta c6 hai tam gilc ABM va ADB ddng dang (g-g) suy ra

%:%: AB? = AM.AD (2).

Tir (1) va (2) suy ra AH.AO = AM.AD suy ra hai tam giac AMH va AOD ddng dang. Do d6
MHN = MDC

Mat khéc MDC = MBC (cung chén cung I\//IE) suy ra MHN = MBH

Xét hai tam giac NHM va NBH c6:

MHN = I\TBﬁ MNH chung, suy ra hai tam gi&c NHM va NBH ddng dang

TAI LIEU TOAN HQOC
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= NH? = NB.NM.

Cau 23. (Truong chuyén tinh Thai Nguyén nam 2020-2021)
Cho dudng tron (1, 1) ngi tiép tam gidc ABC. Biém M thugc canh BC véi M = B, M = C. Buang
tron (1, ;) noi tiép tam giac AMC. Pudng thang song song véi BC, tiép xdc véi duang tron
(1., 1) cat cac canh AB, AC lan luot tai B',C". Goi N la giao diém cia AM véi B'C’,
dudng tron (1,, 1,) noi tiép tam giac AB'N. Chang minh:

a) Bén diém A, I, 1, 1, clng nam trén mot dudng tron.

b) r=r +r,.
Loi gidi
B ¢ C
e~ — /\l /|\ 0_/'\ /|\
2) Tacé: AN = ALT, =180° - ANB ;B AN _ g 180 —AB'N g0, AB'N
ABC

Ma B'C'//BC suyra AB'N = ABC suy ra AEI\1=90°+T (1)

—— —— K-BE
Tuong tutacod AIC = All, =90° +T (2).
Tir (1) va (2) suy ra Aﬂz\l1 = A/\m do d6 bén diém A, 1, I, 1, cing nam trén mot dwong tron.
Chay : Ra mét trong hai ndi dung é (1) hoic (2) cho 0,5 diém.
b) Xét tam giac Al,l, va AIC c6:

o BRE —

I,AlL =1AC :T; ALl = AIC do d6 hai tam gidc Al,l, vatam giac AIC ddng dang.

Xét tam giac ANI, va Al,C co:

N/ATl = 6571; m = ﬁ do d6 hai tam giac ANI, va tam giac Al,C déng dang.
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Tu (*) va (**) suy ra
LI, LN _CI, LN

= =
IC ClI, Cl Ll

[

=Sr=r+1,
rr+r,
I,N
(Do +—=-L suyra +—=—1
IZN 2 l|2 rZI._i_rZ
Vay I =1, +1,.

Cau 24. (Truwong chuyén tin Thai Nguyén nam 2020-2021)

Cho dudng tron tim O duong kinh AB. V& dudng tron tim A cat dudng tron (O) tai hai diém
phan biét C, D. Trén duong tron (O), liy diém M nam trén cung nho AC véi M = A, M = C.
Poan thang BM cét dudng tron (A) tai diém N. Ching minh :

a) CMB = DMB.

b) MN? = MC.MD.
Loi giai

D

a) Taco ABIla duong trung truc cia CD suy ratrén (O) c6 CB = DB.

Do d6 CMB = DMB (g6c ndi tiép cing chén hai cung bing nhau) (1)

b) Tacé: CNM =CBM + NCB =CDM + NCB
Mit khéc ta c6 ACB =90° (chan nira duong tron) suy ra BC 14 tiép tuyén cua (A)

Do d6 NCB =CDN = CNM =CDM +CDN = MDN (2)
Tir (1) va (2) suy ra tam giac MNC va tam giac MDN ddng dang (g-).
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Cau 26. (Truong chuyén tin Thai Nguyén nam 2020-2021)

Cho tam gidc ABC c6 ba goc nhon noi tiép duong tron (O, R). Goi H, 1 lan luot Ia tryc tam,
tam duong tron noi tiép cua tam gidc ABC .

a) Chting minh HAI = OAlI.

b) Cho BAC =30°, tinh d6 dai doan thing AH theo R.

Loi giai

D

a) Ké Al cit (O) tai D suyra D la diém chinh giita cung BC hay OD 1a dudng trung truc cua

BC. Goi OD cit BC tai E, khi d6 E 1a trung diém cua BC

Tacé AAOD cantai O suy ra OAD = ODA (1).

Mit khac tacé AH //OD (cting vudng géc véi AB) suy ra HAD = ODA (2).

Tu (1) va (2) suy ra OAD = HAD.

b) Ké duong kinh AF ciia duang tron (O) suy ra ACF = ABF =90° (chin nira duong tron).
BH //CF (cung vuong géc véi AC)

Xét tir giac BHCF cé _ suy ra BHCF 1a hinh binh hanh
CH //BF (ciing vuong géc véi AB)

hay E la trung diém cua HF.

Xét AAHF c6 OE 1a duong trung binh nén suy ra AH = 20E (*).

Mit khéc theo d& bai ta c6: BOC = 2BAC = 60° suy ra tam gisc BOC déu

R\/3

2

Khi d6 OE =

(**)
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U (*) va (**) suy ra AH = R+/3.
Cau 27. (Truong chuyén tinh Qudng Ninh nam 2020-2021)

Tir mot diém A & bén ngoai duong tron (O) ké cac tiép tuyén AB, AC va cat tuyén ADE véi
duong tron (B, C la cac tiép diém, AD < AE, DB < 6_6). Qua diém O ké duong thiang vudng goc
véi DE tai H, duong thang nay cat duong thang BC tai K. Ching minh:

a. Ta giac BCOH noi tiép;

b. KD la tiép tuyén cua duong tron (O);

c. DBC =HBE.

Lai gia
a. Chira ABO = AHO = ACO =90° = 5 diém A, B, O, C ciing thuoc dudng tron duong kinh AO
= tir gi4c BCOH noi tié
b. T gidc BCOH noi tiép = CHO = CBO. A OBC can = CBO = BCO => OHC =OCK . A
OHC va A OCK c6 OHC = OCK , O chung = AOHC © A OCK

:>OH oc — OH.OK =0C?
oC
ma OC = 0D = OH.OK =0D? = OH _0ODb
oD OK

A OHD va A ODK ¢6 OH _0ODb Ochung:> AOHD o AODK
OD OK'

= ODK =OHD =90° = KD la tiép tuyén cua (O)

¢. T gidc BCOH ngi tidp = HBK = HOC, BHK = BCO), theo y b ¢6 BCO = OHC
— BHK =OHC.

AOHC va ABHK ¢6 HBK = HOC;BHK =OHC = ABHK ¢ AOHC =

HO _HC = HB.HC = HO.HK

HB

A ODK vudng tai D, duong cao DH = HO.HK = HD?,

laicoOH | DE = HD=HE = HB.HC = HE? :Ezﬁ
HC HE

BHK = OHC, KHE = OHE =90° = BHE = CHE

A BHE va A EHC ¢6 E—E:% vi BHE =CHE = ABHE  AEHC = HBE = HEC

Lai c6 DEC = DBC (hai g6c néi tiép duong tron (O) ciing chén DC)

— DBC = HBE.
Cau 28. (Truong chuyén tinh Qudng Binh nam 2020-2021)
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Cho tam gidc déu ABC' cb dinh ndi tiép duong tron (O). Buong thing d thay ddi nhung

luon di qua A va cat cung nho AB tai E (E khong tring voi hai diém A va B). Puong thang

d cét hai tiép tuyén tai B va C' cua duodng tron (0) lan luot tai M va N. Goi F' 1a giao diém
cua MC va BN . Chiing minh rang:
a) ACAN dong dang véi ABMA, AMBC' dbng dang véi ABCN.
b) Bén diém B, M, E', F' cing nam trén mot dudng tron.
¢) Buong thing EF' ludn di qua mot diém cd dinh khi dudng thang d thay doi.
Loi gidi

Hinh vé:

a) Taco BM 1 OB(vi BM 1a tiép tuyén caa (O)) va AC 1L OB (do OB1la duong cao
caa tam giac ABC) = AC /| BM

= B/]_WTLI = CT‘ITV (hai géc dong vi)

Chting minh tuong ty ta cling co:

ABIl CN = BAM = (7]@1 (hai goc ddng vi)

Suyra ACAN ~ ABMA (g.9).

_ MB_AB:MB_BC

" AC NC BC CN

Mat khac MBC = BCN =120" (: %sdBACj

Suyra AMBC ~ ABCN (c.g.c).

b) Tacé BFM = BCM + NBC = BCM + CMB =180° — MBC = 60°.
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Mait khac BEM = BCA =60° (do t/c gbc ngoai cua tir giac ni tiép).
Suy ra BFM = BEM = 60°.
Vi hai dinh k& E va F cuing nhin canh BM dudi mot géc bang 60° nén bén diém B, M, E, F

cling nam trén mot duong tron.
¢) Goi I 1a giao diém EF véi BC .

Taco IBF = BMF ( AMBC ~ ABCN)
BMF = BEF (cung chan 737? cua dudng tron (BMEF))

Suyra@? :ﬁ hay@ :179}.

Xét AEBI va ABFI c¢6 BEI = IBF (chung minh trén) va I, chung
IE IB

Suyra AEBI ~ ABFI (g.9g) > —=—= IB*=IE.IF (1

Chimg minh tuong tu ta c6 ACFI -~ AEOI( g.g) = [C* = IE.IF (2)

Tar (1) va (2) suyra IB® = IC* = IB = IC = I 1a trung diém caa BC

Ma BC cé dinhnén I c¢b dinh. Vay EF 1uén di qua diém cd dinh 1a 1 .
Céau 29. (Truong chuyén tinh Gia Lai nam 2020-2021)

Cho tam gisc ABC vuong & A (AB > AC) c6 duong cao AH (H € BC). Trén nira mat
phing by BC chira diém A, vé nira duong tron (O, ) duong kinh BH cat AB tai | (1 khac B)
va nira duong tron (O, ) dudng kinh HC cat AC tai K (K khac C) . Ching minh rang:

a) Ttr giac AKHI Ia hinh chit nhat.

b) Ta giac BIKC I1a ti giac noi tiép.

c) IK Iatiép tuyén chung ciia hai nira duong tron (O, ) va (O, ).

Loi giai
Hinh v
a) Ta co: BIH =90° (g6c noi tiép chan nira duong tron

(e}))

= AIH =90° (vi hai géc k& bu) 0
Tuong tu HKC =90° = HKA = 90° 2

Vi tam gidc ABC vudng tai A nén IAK =90° )
T (1), (2) va (3) suy ratir giac AKHI 1a hinh chix nhat

Vi tir gilc AKHI 1a hinh chir nhat nén noi tiép duoc trong mot duong tron = IHA = IKA (géc
ndi tiép chan cung 1A) 4)
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~ b) Theo gia thiét AH L BC nén AH Iatiép tuyén ciaa dwong tron (O, )

e~

= IBH = IHA (ciing chén cung IH cita dwong tron Q) 6
Tu (4) va (5) suy ra @ = @ (6)
Ta ciing c6 1KA+ IKC =180° (hai goc k& b) (7)
Tu (6) va (7) suy ra IBH + IKC =180°
= BIKC latir gi4c noi tiép
¢) Goi O 1a giao diém cua IK va AH
T gidc AIHK Ia hinh chix nhat = AOIH la tam giac can tai O
— OIH =OHI
Tam giac O,IH céantai O, = CTllﬁ =C71m
Ma OHI +O,HI =90° suyra O,IH +OIH =90° = O,IK =90°
Do d6 1K latiép tuyén cua nira duong tron (O, )
Chumg minh twong ty ta ciing co @E =90° nén 1K Iatiép tuyén cua nira duong tron (O,)
Vay IK latiép tuyén chung cia hai nira dusng tron (O, ) va (O,)
Cau 30. (Truong chuyén Quang Tri nam 2020-2021)
Cho tam giac ABC ni tiép duong tron (O). Goi M 14 diém chinh giita cung AB khong
chita C va | 1a diém trén doan MC sao cho MI = MA.
1. Chtng minh | 1a tam duong tron noi tiép tam giac ABC .
2. Vé&duong tron (O") tiép xdc véi (O) tai D vatiép xdc voi AB, AC lan luot tai E, F .
a. Chung minh ba diém M, E, D thang hang.

b. Chtng minh ti gidc DIFC nai tiép.
Loi gidi

1) Tac6 MA=MI nén ZMAI = ZMIA
Mat khac ZMAI = ZMAB + ZBAIl ; /MIA= Z/MCA+ ZIAC
Ma ~MAB = /MCAnNén ~BAIl = ZIAC
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Suy ra Al,Cl la cac phan gi4c trong tam giac ABC nén | la tim dudng tron noi tiép.

2a) Taco D,0,0" thang hang va OM //O'E Vi cling vudng goc AB nén ~MOD = ZEO'D
Do d6 2/0DM =2./0DE = ~ODM = ~/ODE . Suy ra M, E, D thang hang

2b) AMEB ~ AMBD = MB? = ME.MD = MI? = ME.MD = AMEI ~ AMID

Suy ra /MIE = ZMDI .

Goi N 1a diém chinh gitta cung AC khéng chtra B.

Chung minh tuong tu ZNIF = ZNDI

Tur d6 suy ra ZEIM + ZMIN + ZNIF = Z/MDN + ZMIN =180°. Do d6 E, I, F thing hang.

Khi d6 ZICD =%4MOD =%4EO'D = /EFD = ZIFD . Suy ra tt gi4c IFDC noi tiép.

Cau 31. (Truong chuyén Nghé An dy bi nam 2020-2021)

Cho tam giac nhon ABC (AB<AC) néi tiép duong tron (O). Céc dudng cao
AD, BE, CF cua tam giac ABC cat nhau tai diém H . Buong kinh Al cua dudng tron (O) cat
duong thang EF tai diém K va duong thang HI cét duong thang BC tai diém M.,

a) Chang minh MB = MC va ta giac DMEF nai tiép duong tron.

b) Chitng minh HK.BC = DI.EF .

¢) Goi N 1a giao diém cua hai duong thang EF va BC . Pudng tron ngoai tiép tam giac
BMF cit duong tron ngoai tiép tam giac CME tai diém P (P khac M ). Chang minh
NP 1L AM .

Loi gidi

a) Ta co: ACI =90° (g6c noi tiép chan nira duong tron) = IC L AC

= IC | BH

Tuong ty: HC || Bl , do d6 tir giac BHCI Ia hinh binh hanh nén M 1a trung diém BC.
Ta cé: @ = I\TB\E (do tam giac MBE cén tai M), ma EA\E = M/BE

— DAC = BEM (1)

Mat khac: BAD = HEF (2)

— — e~~~

Tu (1) va (2) = BAD + DAC = HEF + BEM => BAC = MEF
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— BDF = MEF (do BAC = BDF ) nén tir gidc DMEF noi tiép.
b) Vi ABC = AIC = AEF = BAD =90° — ABC =90° — AIC = IAC
—90° = BAD + ABC = IAC + AEF nén tam giac KAE vuong tai K

= OA_LEF
Taco: AK.Al = AE.AC = AH.AD suy ra tir gidc HKID noi tiép
= AAKH ~ AADI :ﬁz& 3)

DI AD

AE AK EF AK

Vi AAKE ~AADB = — =" — — =" ()
AB AD BC AD
Te@va@ =~ _EF ik Bc=DIEF
DI BC

¢) N&i AN cit duong tron (O) tai diém Q, ta c6: NQ.NA= NB.NC = NF.NE = ND.NM suy ra
tir gidc QAEF noi tiép va tir giac AQDM nai tiép

— AQM = ADM =90°

Ma tt giac AEHF noi tiép nén tir giac QAEH noi tiép suy ra A/Q\H =90°

Vay ba diém M, H, Q thiang hang suy ra H Ia truc tam tam giac ANM = NH L AM (5)

Goi P'=AM ﬁ(BMF):> AP'.AM = AF.AB = AE.AC nén EP’MC la ti gi4c noi tiép

= P'E(MEC):> P'=P = badiém A, P, M thing hang = AP.AM = AE.AC = AH.AD
nén ti giac HPMD noi tiép
— HPM =90° = HP L AM ()

Tir (5) va (6) suy ra ba diém N, H, P thang hang NP 1L AM
Cau 32. (Truong chuyén tinh Nghé An nam 2020-2021)
Cho tam giac nhon ABC ( AB < AC) ndi tiép dudng tron (O). Céac duong cao AD, BE, CF cua
tam giac ABC cat nhau tai diém H .

a) Chitng minh BC 1a duong phan gidc ngoai cua tam giac DEF .

b) Goi M 14 giao diém cua dwong thang EF véi duong tron (O) (M nam trén cung nhé
AB); O,, O, lan luot la tim duong tron ngoai tiép tam giac BMF va tam giac CME . Chuang
minh AM L O0,.

c) Lay diém K trén doan thang HC (K khac H va C), duong thang BK cat duong tron
(O) tai diém thu hai 1a | va duong thang CI cét duong thang BE tai diém G. Ching minh hé
i = E B2

FC CF.CE
dién tich tam giac CEF ).

jSACEF. (Trong d6 S,5rg 12 dién tich tam gidc GFB, S, ¢ la

Loi giai
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a) Ta co ta gidc DCAF noi tiép = FDA=FCA

tr gidc DHEC néi tiép = FCA = EDH

— FDA=EDH
— DA latia phén giéc cua EDF
Ma AD 1 BC

Do do6 BC la duong phan giac ngoai cia tam giac DEF

b) Goi P 1a giao diém thr hai cua EF véi dudng tron (O) va AJ duong kinh caa duong tron (O). Ta
¢6 AJC = ABD va 90° = CAJ + AJC =BAD + ABD => CAJ = BAD

Ma AEF = ABC nén CAJ + AEF = BAD + ABC =90°= EF L AJ

—

= MA= AP = AMP = MAP = ACM = MA Ia tiép tuyén cua duong tron ngoai tiép tam
giac MEC.

Chtrng minh twong tu ta c6 MA 12 tiép tuyén cua dudng tron ngoai tiép tam giac BMF

= MA 1L OO,

SABEF _ BF.BE | SAKEF _ FK

c) Tacéd va
Syer  CF.CE Scer FC
FK BF.BE S S

(e B o~ 2 2 =S S

Taco SAGFB = SAGEF + SABEF (2)

Qua K ké dudng thang song song vai BE cét EF tai N, theo hé qua cua dinh ly Ta-lét ta c6
EH KN
—=——(3)
HF KF
Ma AEHC ~ AFHB(g.g) va AFBK ~ AECG(g.g)

EH EC EG
o = =

FH FB FK

(4)
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KN EG
Ter(3)va@d) = KE = KE = KN = EG nén ti gidc EGNK Ia hinh binh hanh = EF di qua

trung diém cia KG = S, er = S,exe 6)
Tu (1); (2) va (5) suy ra dpcm.
Cau 33. (Truong chuyén Hai Phong nam 2020-2021)

Cho tam giac ABC vudng tai A (AB < AC), M 1 trung diém canh BC. P 1a mét diém di dong
trén doan AM (P khac A va M). Puong tron di qua P, tiép xuc véi duong thang AB tai A, cat duong
thang BP tai K (K khac P). Puong tron di qua P, tiép xuc véi duong thang AC tai A, cit duong
thang CP tai L (L khéc P).

a) Chang minh BP.BK + CP.CL = BC”.

b) Chttng minh duong tron ngoai tiép tam gidc PKC ludn di qua hai diém cé dinh.

¢) Goi J 1a tam cua dudng tron ngoai tiép tam giac PKC va E 1a giao diém tht hai caa duong
tron nay voi duong thang AC. Goi | 12 tdm cua dudng tron ngoai tiép tam giac PLB va F 1 giao
diém tht hai caa duong tron ndy voi duong thang AB. Chang minh EF // 1J.

Loi giai

Dbap an cho truong hgp hinh Ve trén, cac truong hop khac chirng minh tuong tu.
a) (1,0 diém)
BA 1a tiép tuyén ctia duong tron (APK) nén BA® = BP.BK (1)
CA la tiép tuyén ctia duong tron (APL) nén CA? =CP.CL (2)
Tur (1) va (2) suy ra BP.BK + CP.CL = BA> +CA* =BC”
b) (1,0 diém)
Goi AH la dudng cao cua tam gidc ABC = BA”* = BH.BC (3)

Tir (1) va (3) = BP.BK = BH.BC . Suy ra tir giac HPKC noi tiép nén dudng tron ngoai tiép
tam giac PKC di qua hai diém c6 dinh 1a C va H.
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¢) (1,0 diém)
Theo cau b) duong tron (J) di qua H. Ching minh tuong tu (1) di qua H.
(1) va (J) cit nhau tai H, P nén 13 L HP (4)

HPEC nt= AEP = PHC (5)

HPFB nt=> AFP = PHC (6)

Tir (5) va (6) suy ra tir gidc APEF noi tiép nén

— EPF = EAF =90° = PE L PF

Goi G 1a giao diém cua HP va EF. Do céc tir giic HPEC va APEF ndi tiép nén
GPE = HCE = MCA = MAC = PAE = PFE

— GPE +GEP = PFE + GEP =90° = PG | EF hay HP 1 EF (7)

Tu (4), (7) suy ra 13 // EF.

Cau 34. (Truong chuyén tin tinh Gia Lal nam 2020-2021)

Cho duodng tron (O;R), BC la mot day cung cé dinh cua (O;R) khong qua O. Goi A la
diém di dong trén cung I6n BC sao cho AB < AC va tam giac ABC nhon. Céac dudng cao BD
va CE céatnhautai H.Goi T 1a giao diém cua DE véi BC.

a) Chizng minh ti giac BCDE noi tiép duong tron.

b) Chiing minh TB* =TD.TE - TB.BC.

c) Cho BC = R/3. Tim gia tri 16n nhat cua chu vi tam giac ADH theo R.
Loi giai

a) Hinh vé dung

Taco BD L AC = BDC = 90°

CE L AB = BEC =90°

— D, E 1a hai dinh ké nhau cting nhin BC (khong d6i) dugi mot goc 90°.
Suy ra BCDE Ia tir giac noi tiép duong tron.
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b) Vi BCDE la ta gi4c noi tiép nén BCE = BDE (2 g6c noi tiép cung chén cung EB)
Xét tam giac TBD va tam giac TEC cd
ETB chung, BCE = BDE nén tam giac TBD ddng dang vai tam giac TEC

= 1B = TE < TBTC =TD.TE.
D TC

Ma TC =TB+BC nén TB.(TB + BC) =TDTE < TB?=TDTE -TB.BC.
c) Keé duong kinh AM ciia (O)vagoi K la trung diém cua BC.

Taco

Suy ra tir giac BHCM 14 hinh binh hanh nén K 1a trung diém cua HM .
Tam gidc AHM c6 OK la dudng trung binh nén  AH =20K (1)

ma BC =R/3 = BK:RTJE, OK =+/OB’ - BK” =§ (2)

Tir (1) va (2) suy ra AH = R (khong doi).

Tam gidc AHD vuong tai D nén AD®+DH? = AH? = R?

Ap dung BPT, (x+y) < 2(x*+y?),vx,y; Bang thicc xay rakhi x=y.
= (AD+DH)’ <2(AD’+ DH?)=2R?

— AD+DH <R2

Chu vi cia tam gidc AHD 12 AH + AD+HD <R+Rv2 =(1++2)R.

Vay chu vi cua tam giac AHD 16n nhit bang (1+ \/E) R khi HD = AD.

Cau 35. (Truong chuyén tinh Vinh Long nam 2020-2021)
Cho tam giac ABC vudng & A, duong cao AH . Goi D va E lan luot 12 hinh chiéu
vubng goc caa diém H trén canh AB va AC . Biét BH =4(cm), HC =9(cm).
a) Tinh d6 dai doan thang DE .
b) Cac duong thang vudng goc véi DE tai D va E cat canh BC lan luot tai M va N .
Tinh dién tich tir giAc DENM .
Léi giai
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a) Taco AH2=BH.CH =36 = AH =6 (cm).

Vi EAD=ADH = HEA=90° nén t& gi&c ADHE Ia hinh chit nhat.
= DE =AH =6 (cm).

b) Taco AHD = EDH = MDH = MHD

= tam gidc DMH céntai M = DM =MH (1)

MBD + MHD = 90°; MDB + MDH =90° = MBD = MDB

= AMDB cén tai M = DM :MB:%:Z (cm).

Chung minh tuong tu ta dugc EN = % = % (cm).

Tu gidc DENM 14 hinh thang vudng tai D va E nén
DE(DM +EN) _ 39

SDENM - 2 2 (sz)'

Cau 36. (Truong chuyén Vinh Long nam 2020-2021)
Cho tam giac ABC (AB < AC) c6 ba géc nhon ndi tiép (O), M la diém thudc cung nho AC
(M =AM #C,MA<MC). V& MH vudng géc véi BC tai H, Ml vudng goc véi AC tai | (ba
diém M, I, B khéng thang hang).

a) Chang minh IHM = ICM .

b) Chirng minh ABMA dong dang AHMI .

c) Goi E la trung diém cua IH va F la trung diém ciia AB. Chang minh ring ME vudng

goc vai EF .
Léi giai

M

a) Tt giac IHCM noi tiép duong tron duong kinh MC

— IHM =ICM (cing chin M)

b) Tacoé ABM = IHM (cing bing ICM )

AMB = IMH (ciing bing ICH)

Vay ABMA ¢ AHMI .

¢) Ta cd ABMA © AHMI = BAM = MIH = FAM = MIE
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AM _ AB _2AF _ AF
IM IH 2IE IE
— AAMF < AIME = AMF = IME..
Tacd AMF + FMI = IME + FMI = AMI = FME
MA MF

Do AAMF @2 AIME = — = AMAI ¢ AMFE
Ml ME

— MIA=MEF , ma MIA=90° = MEF =90° = ME L EF .
Cau 37. (Truong chuyén tinh Pién Bién nam 2020-2021)
Cho tam giac nhon ABC noi tiép duong tron (O). Puong cao AD, BE cat nhau tai H .

Kéo dai BE, AO ciat duong tron (O) lan luot tai F va M .

a) Chiing minh AHAF cén.

b) Goi | 1a trung diém cua BC. Ching minh ba diém H, |, M thiang hang va
AH =20l .

c) Khi BC cé dinh, xac dinh vi tri ciia A trén duong tron (O) ¢é DH.DA Ién nhat.

Do ABMA & AHMI =

Léi gidi

a) V& hinh dtng dén cau 4.a

Taco: AHF = ACB (cung phu véi D/AE)

Lai c6 ACB = AFB (cung chin cung AB)

Suy ra A/}E? = Z]E? = AAHF cantai A.

b) Goi | 1a trung diém cia BC . Chung minh ba diém H, |, M thing hangva AH =20l .
Taco BH //CM (ciing vubng AC), HC //BM (cling vubng AB).

= BHCM Ia hinh binh hinh .

Ma | 1a trung diém cia BC = | ciing 1a trung diém cia HM = ba diém H, |, M thing hang.
= Ol 1a duong trung binh cia AAHM = AH =20l

c) Khi BC cé dinh, xac dinh vj tri cia A trén duong tron (O) dé DH.DA 16n nhat.

Lién hé tai liéu word toan SPT va zalo: 039.373.2038 TAI LIEU TOAN HOC



Website:tailieumontoan.com

—

Theo cau 1 tacé AHF = AFB = BHD = ACB = ADAC ~ ADBH(g.g)

suyra 22— PB . bADH = DB.DC
DC _ DH
2 2
Tacé DB.DC < [M] < DB.DC < [%]

DAu bang xay ra khi BD = DC.
Vay ¢¢ DH.DA 16n nhat thi A 1a diém chinh gitra cung I6n BC .
Cau 38. (Truong chuyén Hoa Binh nam 2020-2021)
Tir mot diém A nam ngoai duong tron (O;R) V& hai tiép tuyén AB, AC vai duong tron

(B, C la tiép diém). Trén cung nho BC lay mét diém M (M khac B, M khéac C), tir M ké MI, MK,
MP lan luot vudng gdc véi AB, AC, BC (1 € AB,K e AC,P e BC).

1) Chiing minh ring: MPK = MBC

2) Chitng minh rang : Tam giac MIP dong dang véi tam giac MPK.

3) Xac dinh vi tri caa diém M trén cung nho BC dé tich MI.MK.MP dat gia tri I6n nhat.

Léi gidi

B

C

Tt giac KMPC ngi tiép = MPK = MCK (cting chan cung KM)

MCK = MBC (goc noi tiép va goc tao bai tia tiép tuyén va day cung cung chin cung CM)
— MPK = MBC (1)

Tt giac IMPB noi tiép = MIP = MBP (ciing chén cung PM)(2)

Tir (1) va (2) = MPK = MIP

Chtng minh tuong tu MKP = MPI

= AMIP «© AMPK (g — Q)

AMIP oo AMPK :ﬂzﬂ
MP

Vi MI.MK = MP? = MI.MK.MP = MP®

& MIMK = MP?
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= MI.MK.MP 16n nhat khi MP Ién nhat< M 1a diém chinh giira cung nhé BC.
Cau 39. (Truong chuyén Hoa Binh nam 2020-2021)

Cho tam gi4c ABC nai tiép duong tron (O). Tia phan giac cua goc A cit duong tron (O) tai
D. Chirng minh rang AB + AC < 2AD.

Loi giai

D
K
Trén tia d6i cua tia CA lay diém K sao cho CK = AB.
Xét ACDK va ABDA c6: CK = AB
KCD = ABD (vi cuing bu véi ACD )
CD=BD (DB=DC).
= ACDK =ABDA (c.g.c)
= DK =DA.
Trong AADK ¢6 AK <AD + DK < AB + AC < AD + AD = 2AD.
Cau 40. (Truwong chuyén Hoa Binh nam 2020-2021)
Cho dudng tron tam O va day AB ¢ dinh, goi M 1a diém chinh giita caa cung AB va N [
mot diém bat ky trén day AB (N khac A, N khéc B). Tia MN cét duong tron (O) tai E.
1) Chttng minh rang: Tam giac MNA dong dang véi tam gidc MAE.
2) Chiing minh rang: MB.BE = BN.ME
3) Chitng minh rang: BM Ia tiép tuyén cta dudng tron ngoai tiép tam giac BNE.
4) Ching minh rang: Khi N di dong trén AB thi téng béan kinh caa duong tron ngoai tiép
tam giac BNE va dudng tron ngoai tiép tam giac ANE khong doi.
Loi giai

Lién hé tai liéu word toan SPT va zalo: 039.373.2038

TAI LIEU TOAN HQOC



Website:tailieumontoan.com

M
A ‘ N \B
o
Ol
E
H

1) AM =BM = AEM = MAB (2 g6c nai tiép chan hai cung bang nhau)

m chung
= AMNA © AMAE(g - 9)
2) Chitng minh  AMNB @ AMBE(g — Q)

= MB_BN = MB.BE = BN.BE

ME BE
3) Tacé: NEB =NBM :N/Bﬁ=%sd BN

= BM la tiép tuyén cua duong tron ngoai tiép ABNE

4) Ké dudng kinh MH = MBH =90° = MB | BH

Goi 01 va O; lan luot 13 tim duang tron ngoai tiép ABNE . AANE
= 0; thuoc BH va duong trung truc cua BN

= AO,NB cantai O, = OBN =ONB (1)

Tuong tu: O/z'm =m (2)

Mat khdc AHAB can tai H :(Tllm :m 3

Tir (1) va (3) = ONB=0,AN = NO,//AH

Tir (2) va (3) = O,NA=O,BN = NO,//BH

= Tu giac NO;HO, la hinh binh hanh
=NO,=0,H=0B=0B+0,A=0,H+0,A=AH

Vi A,B, O ¢ dinh, nén M, H ¢ dinh = AH khoéng dbi.
Cau 41. (Truong chuyén Ha Nam nam 2020-2021)
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Cho tam giac nhon ABC (AB < AC) ndi tiép duong tron (0), c6 dudng cao AH . Goi I 1a
tam dudng tron noi tiép cua tam gidc ABC . Buong thing Al cit duong tron (O) tai diém thir hai
M . Goi A' 14 diém ddi xung véi A qua O . Puong thang MA' cit cac duong thang AH, BC
theo thu tu tai N va K . Goi L 1a giao diém cia MA va BC . Puongthang A'l cat dudng tron
(O) tai diém thi hai D . Hai duong thang AD va BC cit nhau tai diém S .

Chirng minh tam giac ANA' la tam giac can va MA'.MK = ML.MA .

Chang minh MI° = ML.MA vatt giac NHIK 14 tir gi4c noi tiép.

Goi T 1a trung diém ciia canh SA , ching minh ba diém T,1,K thang hang.

Chuang minh néu AB+ AC =2BC thi I latrong tam caa tam giac AKS .
Loi giai

il

1.
Tacs A'AC =90° — AA'C = 90" — ABC = BAH ma Al Ia phan giéc cia goc BAC nén Al Ia
phan giac géc NAA'.
AM L MA'= tam gidc ANA' can tai A.
HKN =90° — HNK = HAM = LAA'
AMAA' ~ AMKL(g.g) = MA' MK = ML.MA
MIC = MAC + ACI = MCB+ BCI = MCI = MI = MC
AMCL ~ AMAC(g.g) = ML.MA=MC* = ML.MA = MI’.

MN.MK = MA'.MK = ML.MA = MI* = AIMN ~ AKIN(g.g) = NIK = 90"

NIK = NHK =90°. Vay t&r giac NHIK noi tiép.
3,
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Tt gidc NHIK noi tiép suy ra IHK = INK = IA'M = IAD.
Suy ra tir giac AIHS noi tiép. Do d6 AIS = AHS = 90°.
TIA =TAI = INK

= TIA = Z\?IT{, suy ra ba diém T,I,K thang hang

a,

Al AB AC AB+AC 2BC
Taco =22 2= - )

IL BL CL BL+CL BC

A
T
|
S |; *K
Ke LE||SAE e TK) . Tace L2 /L 1 _JLE 1
AT 1A 2 ST 2

Suy ra L 1a trung diém cua SK ma L =2 nén | la trong tdm cua tam giac ASK.

Cau 42. (Truong chuyén Ha Nam nam 2020-2021)

Cho hinh vudng ABCD néi tiép duong tron tdm O, ban kinh R. Trén tia d6i cua tia BA
liy diém M khac diém B. Ké BH vudng goc véi CM (H thuoc CM ). Goi K 1a giao diém
cua OH vai BC .

1. Chang minh ti gisc BHCO noi tiép, HO Ia tia phan giac caa BHC .
2. Chiing minh BK.BH =CK.MH .
3. Goi | la trung diém cua canh AD, tia Bl cit duong tron (O) tai E. Tinh d6 dai doan thang
DE theo R.
4. Budng tron ngoai tiép tam giac BHM cit duong tron (O) tai N (N khac B). Chang minh ba
diém M, N, K thang hang.

Loi giai
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S
\“'\
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e
19) RS
I < g
B A
S
.
S
S
.
-
M
A B

1. Theo gia thiét BH L CM nén BHC =90°.

Vi ABCD Ia hinh vuéng nén BOC =90°.

Suy ra BHC + BOC =180° nén tir gisc BHCO noi tiép.

Vi BHCO ngi tiép nén BHO = BCO = 45°. Suy ra HO 14 phan gi4c cua BHC .

2. Theo chiing minh & phan a) ta cd HK 1a phan giac cia AHBC suy ra % = % (1)

BH MH
Mt khac dé thdy AHMB <> AHBC nén —=—(2
a & thay (9.9) cH - BH 2

Tu (1) va (2) suy ra %:wc BK.BH =CK.MH .
CK BH

3. Tacé AABI © AEDI (g.g)

Suy ra E=E<:> DE =—AB'ID
AB IB 1B
Xét AABD vubng can c6 BD =2R nén AD = AB = RV2, IA=1D :%AD :RT\/E.
Ap dung dinh Ii Pytago cho tam giac vuéng ABI tacé IB =+ AB*+ Al° L . Vay
Rv2
R27 riin
R+/10 5
2
4. *Tachung minh M, K, D thang hang.
That vay: Goi K' 1a giao diém cia MD va doan BC
Vi BM//CD nén theo dinh Ii Talet ta c6 BK'_BM _BM (3) (vi AD=BC)
CK' AD BC
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Ma AHMB o AHBC (g.g) nén o — 1B
BC HC
Mt khéc theo chitng minh phan b) ta cé HB _ %
HC CK

Tir do suy ra BM :% 4)

C CK
T (3), (4) taco %:% (v6i K, K" thuoc doan BC)suyra K'=K.

CK" CK

Vay M, K, D thing hang (3)

* Ta chang minh M, N, D thing hang.

That vay

Vi BH L MC nén duong tron ngoai tam gidc BHM ¢6 duong kinh 1a BM suy ra BNM =90°.
Vi BD 1a duong cia duong tron (O) nén BND = 90° (géc noi tiép chén nira duong tron (O)).

Tir d6 suy ra BNM + BND =180° nén M, N, D thing hang (4).

T (3) va (4) tacd K,N,M thing hang.

Cau 43. (Truong chuyén Ba Ria Viing Tau nam 2020-2021)
Cho duong tron (O) c6 duong kinh AB. Tur diém S thuge tia déi cua tia AB ké dén (O)
hai tiép tuyén SC va SD (C va D Ila hai tiép diém). Goi H 1a giao diém cua dudng kinh
AB va day CD. Ve duong tron (O') di qua C va tiép xdc véi duong thang AB tai S . Hai
dudng tron (0) va (O') cét nhau tai diém M khac C.
a) Chang minh t giac SMHD nai tiép.

b) Goi K 1a hinh chiéu vuéng goc cua C trén BD, | 1a giao diém cua BM va CK . Chung
minh rang HI song song véi BD.

c) Céc duong thang SM va HM lan luot cit (O) tai céc diém L va T (L,T khic M).
Chang minh rang t giac CDTL 4 hinh vudng khi va chi khi MC? = MS.MD .
Lai giai
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— e~~~ -

— ABD = DMB - DMH = HMI
T gidc CHKB ¢6 CHB =CKB =90° nén noi tiép HCI = HBK = HMI = CMHI Ia tw gi4c noi
tiép
— MIH = MCH = HBD = HI //BD.
¢) Tacéd DTM = SDM = SHM => DT //AB: CLM =SCM = MSA=> CL//AB
— LCD =TDC =90° = CDTL Ia hinh chit nhat. Do d6 CDTL 2 hinh vudng <> AOCD vudng
can, tac 12 ASCD vubng cén.
Nhu vay SO =R+/2 véi R la ban kinh duong tron (O) . Khi do
MCS = MSH = MDC = MCD = MSC
Suy ra AMCS; AMDC d6ng dang = MC? = MS.MD.
Cau 44. (Truong chuyén Ba Ria Viing Tau nam 2020-2021)
Cho tam giac ABC c¢6 ba goc nhon va c6 truc tdm H. Goi D,E,F lan luot 13 chan ba duong

2 2 2
cao ké tir A,B,C cua tam giac ABC. Biét ABY L[BC (LA =36, hady chang minh
HF HD HE

rang tam giac ABC déu.
Loi gidi
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B D C
biat BC =a; CA=b; AB=c va S ladiéntich AABC.Taco
a’ =BC? = BE? + EC? = BE” + (b— AE)’ = BE? +b? + AE? — 2b.AE =b? +¢? — 2b.AE
‘40’ -a’ b?+c?—a?)
= AE =21 TR 1o 46 457 = BELL? = b2 (c? - AE?) = b? cz—(—z)
2b 4b
1682:4b202—(b2+c2—a2)2:(2bc+b2+c2—a2)(2bc—b2—cz+a2)
=(b+c+a)(b+c-a)(a+b—c)(a—b+c)

b+c—a+a+b—c+a—b+c)3_(a+b+c)4
3 27

s(b+c+a)[

Suyra (a+b+c)’>12543.

Talaicc’)(a b+ ¢

2
ot HFj(a.HD+b.HE+c.HF)z(a+b+c) >128+/3

Ma aHD +bHE tcHF =25 =& , 2 . € S4/3
HD  HE  HF

2 2 2 2
Dodé[ABj +(BC) +(CA) 23( a + b + ¢ j > 36
HF HD HE 3\HD HE HF

b+c—-a=c+a-b=a+b-c

Déu déng thirc xay ra < { HD = HE = HF <a=b=c.
a b ¢
HD HE HF

Viay AABC déu.

Cau 45. (Truong chuyén Gia Lai nam 2020-2021)
Tir diém A bén ngoai duong tron (O; R) ké céc tiép tuyén AB va AC véi duong tron (B,C la
c4c tiép diém). Trén cung nho BC' lay diém I (I khéng tring véi B,C). Goi M, N, P thu ty
1a chan cac dudng vudng géc ké tir I dén cac duong thing BC,CA va AB.
a) Chirng minh ti giac BMIP noi tiép duong tron.
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b) Chitng minh IM* = IN.IP.

¢) Goi giao diém cua BI va MP la E, giao diém cia CI va MN la F. Ching minh
IM 1 EF.

Lai giai
a) Tacod: BPI = BMI =90°
Do d6 t gidc BMIP noi tiép duong tron duong kinh BI
b) AB = AC (tinh chat hai tiép tuyén cit nhau) = ABC = ACB
Chumg minh twong ty cdu a, ta ciing c6 tr giac CMIN ndi tiép duong tron dudng kinh CI .

— MIP = 180" - MBP =180° - MCN = MIN

PBI = PMI (cung chin cung IP cua dudng tron duong kinh BI)
MCI = MNI (cung chin cung IM cia dudng tron duong kinh CT)
PBI = BCI = MCI (ctng chén cung IB ciia dudng tron duong (0))

— e~ —

= PMI = PBI = MCI = MNI

Dodo AIMP " \rNar (viicé MIP = MIN va PMI = MNI)
o IM_ TP e - vap.
IN M

c) Taco PMI = MCT (tu trén).
Chang minh tuong tu ta cling c6 IBM = IMN
ma IBM + MCI + BIC =180°
— PMI + IMN + BIC = 180° hay EMF + EIF = 180’
= ti gidc EMFI noitiép = EFI = EMI (noi tiép ciing chan mat cung)
— EFI = MCI ( = EMI)
ma EFI va MCI 1a hai goc ddngvi = EF Il BC

Theo gia thiét 7V L BC nénsuyra IM | EF

CAu 46. (Trieong chuyén Pong Thdp ndam 2020-2021)

BSn naa hinh tron ¢6 béan kinh bang 2cm tiép xdc ngoai voi

nhau, dugc dat trong mot hinh vudng nhu hinh v&. Tinh dién tich hinh
vuoéng.

Loi giai
bat AC-2=x,x>0.
Ap dung Pitago trong AABC :

Lién hé tai liéu word toan SPT va zalo: 039.373.2038 TAI LIEU TOAN HOC




Website:tailieumontoan.com

x=-2+23
x=-2-23 (1)

BC*=AB* + AC* & 4° :22+(2+x)2 S +4x-8=0<

Canh hinh vudng 12 4-2+2+3 =2+24/3 (cm).

Diént tich hinh vudng 1a S =(2+2J§ ) =16+83 (cm’)
Cau 47. (Truong chuyén Pong Thap nam 2020-2021)

Cho BC la mot day cung cia duong tron (O;R) (BC # 2R). Biém A di chuyén trén
cung I6n BC sao cho thm O ludn nam trong AABC . Cac duong cao AD, BE, CF cuatam
giac AABC ddng quy tai H .

1. Chting minh AAEF ddng dang véi AABC .

2. Goi A’, A, lan luot la trung diém cua BC, EF. Ching minh ring AH =20A’ va

R.AA = AA'OA'.

3. Ching minh R.(EF + FD+DE)=2S,,,., tir d6 suy ra vi tri cua diém A dé tong

EF + FD + DE dat gié tri 16n nhat.

Léi gidi

1.T( gidc AEHF néi tiép = AFE = AHE (cling chin AE )

Lai c6 AHE = BHD ( dbi dinh)

BHD = ACB (ccung phu HBD ) — AFE = ACB

Suy ra AAEF ddng dang véi AABC (g - g).

2. Tacd KB//CH; KC//BH suyra BHCK la hinh binh hanh. Do d6 A’ 14 trung diém
cua KH . Nén OA’ 1a duong trung binh cia AAHK .

Suy ra OH =2.0A’

Goi R, R' lan luot 1a ban kinh dwong tron ngoai tiép AABC, AAEF ; AA’ la trung tuyén
AABC; AA, latrung tuyén AAEF ;

Do AAEF dong dang véi AABC
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o R AN paA = aa R = an A gy 240
R AA 2 2
Viy R.AA = AA'A'0. (1)
3. Goi B', C' lan luot 1a trung diém cua AC, AB. Tac6 OB’ L AC; OC' L AB. Suy ra
OA’, OB’, OC’ lan luot 1a duong cao cua cic AOBC, AOCA, AOAB.

SAABC = SAOBC + SAOCA + SAOAB = %(OA"BC +OB".AC + OC,'AB)

& 28,,0c =(OA'BC +OB".AC + OC".AB) (2)

Theo (1) suy ra OA'=R.—L ma Hl' la ty so gifta hai tam giac dong dang AABC va
AA,  EF

AAEF nén ‘, =— Tuong tu OB':R.Q; OC’:R.Q
AA"  BC AC AB

Thay vao (2) ta duoc

2Spec = R(E.BC P ac +E.ABJ — R(EF +FD+DE)
BC AC AB

Do R khong doi nén (EF + FD + DE) dat gia tri 16n nhat khi S, 16n nhat.

Taco S upc :EAD.BC do BC khong doi nén S,,;. 16n nhat khi AD Ién nhat, ma AD Ion nhat

khi A 1a diém chinh giira caa cung l16n BC .
Cau 48. (Truong chuyén Quang Ngdi nam 2020-2021)

1. Cho tam giac ABC vubng tai A, c6 duong cao AH. Tia phén giac cua HAC cét HC tai D.
Goi K 14 hinh chiéu vuéng géc cua D trén AC. Tinh AB, biét BC =25cm va DK =6 cm.

2. Cho tam giac nhon ABC c6 AB < AC, ndi tiép duong tron (O). Goi H 1a tryc tam cua
tam giac ABC. Puong thang AH cat BC tai D va cat duong tron (O) tai diém tha hai 1a K. Goi
L 13 giao diém cua hai duong thaing CH va AB, S 1a giao diém cua hai duong thaing BH va
AC.

a) Chitng minh tir giac BCSL noi tiép va BC 1a duong trung truc cua doan thang HK.

b) Goi M la trung diém BC, duong thang OM cit cac duong thang AB, AC lan luot tai P, Q.
Goi N 1a trung diém PQ. Chimg minh hai dudng thang HM va AN cat nhau tai mot diém nam trén
duong tron (O).

Léi gidi

Be

o~~~

1. Taco AHAD = AKAD (AD canh chung; A, =A,)
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= HD =KD =6cm
Ta lai cd A\Szé (cung phu é); IB/ATD=A\3+A\1 ; ATDTB:CAHA\Z

Ma A, =A,; A,=C= BAD=ADB= AABD cntai B = BA =BD.
bit BA=x=BD=x=BH=Xx-6.

AABC vubng tai A, ¢6 dudng cao AH nén AB? =BH.BC

= x? =(X—6)25. Giai phuong trinh, ta dugc: X; =15; X, =10

Vay AB =10cm hoac AB=15cm.

2)

a) Ta c6 H Ia truc tam nén BH L AC, CH L AB suyra BSC=CLB=90".
Suy ra tt giac BCSL noi tiép
Taco BKA =BCA (cling chin cung AB cia (O)).
Mit khac, BCA = AHS (do cling phu véi géc HAS) va AHS = BHK .
Do do, BKH = BHK suy ra BKH la tam giac can tai B. Ma BD 1. HK nén BC la duong trung
truc cua HK.
b) Goi Al la duong kinh cuaa (O).
Khi d6, CH || Bl (do cung vudéng goc vai AB),
Cl|| BH (do cung vubng goc vai AC).
Suy ra BHCI 1a hinh hinh hanh. Do d6 H, M, I thang hang.
Goi E 1a giao diém cia HM va AN, ta chung minh E nam trén (O).
Tacé HCB = LSB (cing chén cung BL cia duong tron (BCSL) ),
LSB = LAH (cing chén cung LH caa dudng tron (ALHS)),
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LAH = APQ (do OM || AH). Suy ra HCB = APQ.

Tuong tu ta co HBC =SLC = I-/IATS:/KQ\P

Tur d6 suy ra AAPQ ~ AHCB.

Ma N 13 trung diém PQ, M la trung diém CB nén suy ra AANQ ~ AHMB.

Do d6, BHM = NAQ, ma BHM = EHS (déi dinh).

Suy ra EHS = NAQ hay AEHS Ia tir gi4c ni tiép.

Ma ASH = 90" nén AEH =90" hay AEI =90° do vy E nim trén duong tron (O).
Cau 49. (Truong chuyén Hai Dwong nam 2020-2021)

1) Cho duong tron (O;R), hai duong kinh AB va CD vudng goc véi nhau. Lay E 1a diém
bat ky niam trén cung nho AD (E khéng tring véi A va D). Buong thang EC cét OA tai M; duong
thang EB cit OD tai N.

a) Chung minh ring: AM.ED =+/2 OM.EA;

b) Xac dinh vi tri diém E dé tong OM L ON dat gia tri nho nhat.

AM DN

2) Cho tam giac nhon ABC cé dinh. Goi O 1a diém bat ky nam trong tam giéc, cac tia AO,
BO, CO cit cac canh BC, CA, AB lan luot tai M, N, P. Tim gia tri Ion nhat caa biéu thac T =
AN.CM.BP.

Loi gidi
C
A M 2 B
N
E
D
a) Xét ACOM va ACED c6 CED = 90°
COM = CED = 90°
o — ACOM o ACED = S2_OM 4
ECD chung CE ED

Do AB, CD la 2 dudng kinh vudng goc véi nhau = CEA = CAB = 45°
Xét AAMC va AEAC cb:
CEA=CAB = 45°

- = AAMC u»n AEAC
ACE chung
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AC AM
> —=—
CE AE

ma AC =+/2CO (do AACO vudng can tai O)
AM _V2CO _J20M _ ED_+20M

Két hop véi (1) =

AE  CE ED AE AM
— AM.ED = /2 OM.AE
b) Theo cau ata co ED_ J20M (@)

AE AM
Tuong tu cau ata co EA = ﬂ 3)

DE
Nhan 2 vé cia (2) va (3) = oM ﬂ:i
AM DN

Tace M ON ‘/OM %—2\/7 J2
AM DN AM D

DAu bang xay ra khi :

OoM _ ON - ED _ EA
AM DN ~ 2EA 2ED
< E 1a diém chinh giira cung nho AD

Vay gi4 tri nho nhét caa % JON_ 2

< ED=EA

< E 1a diém chinh giira cua cung nho AD
2)

B M C

Qua A ké 1 dudng thang song song véi BC cit tia BO, CO lan luot tai D, E.
Theo DBinh ly Talet ta cé:
AN _AD BP_BC CM _MB_OM _ CM_ AE

NC BC AP EA AE AD OA MB AD
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AN CM BP _ AD AE BC ,
NC MB PA BC AD AE

Nhan tirng vé caa cac ty 1é thic ta duoc:
= AN.CM.BP = NC.MB.PA

AN+CN AC
Tacd VvAN.NC < » = »

JBM.MC s%
JAP.PB s%

. AB.BC.CA
Nhan ting vé ta c6 v AN.NC.CM.MB.BP.PA Si

AB.BC.CA

8
DAu bing xay ra khi O 1 trong tm caa tam giac ABC
AB.BC.CA

AN.CM.BP <

Vay giatrilén nhatcua T 1T =

khi O la trong tdm cua tam giac ABC
Cau 50. (Truong chuyén Binh Phudc nam 2020-2021)
Cho tam giac nhon ABC véi (AB < AC) néi tiép duong tron (O). Ba duong cao AD, BE,CF cit
nhau tai tryc tam H .
a) Chung minh rang cac te giac BFHD ; ABDE nai tiép va H 1a tim dwdng tron noi tiép tam
gi4c DEF .
b) Goi M 1a trung diém cia BC . Ching minh tr giac DFEM nai tiép.
c) Tia MH cét duong tron (O) tai | . Ching minh rang céc dudng thang Al, EF,BC dong

quy.
Léi giai
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a) Tacd ZBDH + /BFH =180° nén ti giac BFHD nai tiép
Tac6 ZBDA=~/BEA=90° nén t gidc ABDE nai tiép dudng tron duong kinh AB
Tac6 ZFDH = ZFBH (Cung chian cung FH cua ti giac noi tiép BFHD)
Mt khac lai c6 ZFBH = ZABE = ZADE (Cuing chin cung AE cua ti giac noi tiép ABDE) .
Suyra Z/FDH = ZEDH hay DH la phén giac cua goc ZEDF .
Tuong tw FH ciing 1a phéan giac cua géc ZDFE hay H 14 tam noi tiép cua tam giac DFE
(dpcm)
b) Vi EM latrung tuyén cua tam giac vudng BEC nén ta c6 tam giac MBE can tai M .
Hay ta cO0 ZEMC =2~/EBM (goc ngoai cua tam gidc MBE)
Theo céu a) tacdé LEFD =2/HFD (do FH ciing la phan giac cua géc ZDFE)
Ma ta lai c6 ZHFD = ZHBD = ZEBM (Cung chin cung DH cua t&r giac noi tiép BFHD)
Tir d6 suy ra Z/DFE = ZEMC = DFEM ndi tiép (dpcm)
c) Tia MH cit duong tron (O) tai | . Ching minh ring céc duong thang Al, EF,BC dong quy.
K¢ duong kinh AA' ctia duong tron (O).
Taco BH //A'C vicung vubng goc véi AC
Va CH //A'B vi cung vubéng goc véi AB
Nén c6 tir giac BHCA' 12 hinh binh hanh nén ¢ A',M,H, | thing hang
Tudétaco | nam trén dudng tron (AFHE) véi duong kinh AH (vi ZHIA= ZA"1A=90°
) , ,
Goi EF cat BC tai S, Al cat BC taiS'. Tacdé SF.SE=SB.SC va S'I.S'A=S'B.S'C
Ta chimg minh duoc SB.SC = SO? — R? khong dbi goi la phuong tich ciia S ddi véi duong
tron (O).
Tirdétacd S va S' co cung phuong tich déi véi duong tron (AFHE) nén S =S
Cau 51. (Truong chuyén Lam Son nam 2020-2021)
Cho tam gidc ABC nhon cé BAC > 45°. /& phia ngoai tam giac ABC dung céc hinh vudng
ABMN va ACPQ.Puong thang AQ cit doan thang BM tai E, duong thang AN cét doan
thang CP tai F .
1. Chting minh te gidc EFQN néi tiép duoc trong mot duong tron.
2. Goi | 1a trung diém cua doan thing EF . Chang minh | 1a tim duong tron ngoai tiép tam
giac ABC.
3. Puong thang MN cit duong thang PQ tai D. Cac dwdng tron ngoai tiép cac tam giac
DMQ va DNP cit nhau tai K (K khac D). Céc tiép tuyén cua duong tron ngoai tiép tam giac
ABC tai Bva C citnhau tai J.Chtng minh bén diém D, A, K,J thang hang.
Loi giai
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1) Xét hai tam giac vubng ABE va ACF taco ABE = ACF =90° va EAB = FAC (cung phu voi
AB AE AN AE

BAC ) nén ching ddng dang, suy ra == ==,
) &AoNg dang, S8 = = AF ~ AQ _ AF

Xét hai tam giac ANE va AQF c6 NAE = QAF (dbi dinh) va do 2—2 :% nén chung ddng dang,
suy ra ENA= FQA= ENF = FQE .
Do d6 tir giac EFQN nai tiép duoc trong mot duong tron.

2. Goi V 1a giao diém cua hai duong thang EB va FC.

Tu gidc EAFV cd AF//EV, AE/IVF nén nd la hinh binh hanh.

Vi | 1a trung diém cua doan thang EF nén né ciing 1a trung diém caa doan thang AV . Suy ra ba
diém A, 1,V thang hang.

Mt khac, ta thay tir giac ABVC ¢ ABV = ACV =90° nén n6 noi tiép duoc trong duong
tron duong kinh AV . Suy ra IA=1B=IC hay | la tdm duong tron ngoai tiép tam giac
ABC.
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Ta chizng minh D, A, K thdng hang

Goi K’ 1a giao diém cua DA va EF . D& thdy t giac NDQA nén NDK' = NQA.

Lai c6 NFK’ = NQA (Do tir gidc EFQN néi tiép), suy ra NDK' = NFK' .

Do d6 tir gidc NDFK' nai tiép.

Mt khac, do NDPF néi tiép nén nam diém N, D,P,F,K’ cing thuoc mot dudng tron. Vay
K’ thugc duong tron ngoai tiép tam gidc NDP .

Chung minh tuong tu ta ¢ K’ ciing thudc duong tron ngoai tiép tam gidc DMQ .

Suyra K =K’.Vay ba diém D, A K thang hang (1).

Ta chieng minh A, K, J thdng hang

Do nim diém D,Q,K,E,M clng thuoc mét dudng tron nén AKE = DQE =90°, suy ra AK 1 KE .
Tir d6 suy ra t gidc AKBE ndi tiép nén EKB = EAB =90° - BAC .

Tuong tu ta cd FKC = FAC =90°- BAC, suy ra BKC :180°—(E/K\EB+ﬁ<E):ZB/AE ~BIC (goc
noi tiép va goc & tm cling chan mot cung). Suy ra ti giac BKIC noi tiép.

Mat khac JBI = JCI =90° nén tir giac BICJ noi tiép.

Do d6 nim diém B,K,1,C,J clng thusc mot dudng tron nén ta co IKJ = JBI =90°, suy ra
JK LEF.

Ma AK L KE, suy rabadiém A K,J thang hang. (2)

Tir (1) va (2) ta suy ra bén diém D, A K, J thang hang.

Cau 52. (Truong chuyén Vinh Phic nam 2020-2021)
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Cho tam giac nhon ABC cd AB < AC va ndi tiép duong tron (0). Goi | la tam duong tron noi
tiép tam gidc ABC, tia Al cét duong tron (O) tai diém D (khac A). Budng thang OD cat
dudng tron (O) tai diém E (khac D) vacit canh BC tai diém F .

a) Chuang minh rang tam giac IBD can. Xéc dinh tam duong tron ngoai tiép tam giac IBC.

b) Chung minh ID.IE = IF.DE.

¢) Goi cac diém M, N lan luot Ia hinh chiéu vudng gdc ciia | trén cac canh AB, AC . Goi H,K
lAn Tuot 14 céc diém déi xing véi M, N qua |. Biétring AB + AC =3.BC, chiing minh KBI = HCI.

Léi gidi

A E

D

a) Ta co @&@@5@%@@@%@%@ (1) (do Al BI Iin luot I phan gidc

céc goc BAC, ABC va tir giac ABDC noi tiép duong tron).
Mat khac BID = IBA+ IAB :%/TEE +% BAC (do Al, Bl twong ting 1a phan giac goc BAC, ABC)

(2).
Tir (1) va (2) ta duoc BID = IBD = tam giac DBI cén tai D.

Tacé K:AD:@+D/CT3:%/TC\B+D/AT3:%/TCT3+%B/A\C (3) (do Al, CI Ian luot I3 phan gidc

cac goc BAC, ACB va tir giac ABDC ni tiép duong tron).
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Mit khac CID = ICA + IAC %xs\c %B/A?: (do Al BI twong tng I3 phan gidc goc BAC, ABC)

4).
Tir (3) va (4) ta duoc CID = ICD = tam giac DCI can tai D.
Do tam giac DBI va DCI cén tai D nén DB = DI, DC = DI = DB =DC = DI = D la taim duong
tron ngoai tiép tam giac 1BC.
b) Theo két qua phan a ta cd tam giac DIC can tai D nén CD = DI
Do OD la trung truc ciia BC suy ra F 1a trung diém cua BC. Do DE 1a dudng kinh cia duong tron
(O) suy ra DCE = 90°.
Két hop véi CF 1a duong cao cua tam giac DCE nén CD? = DF.DE = DI ? :%:%.
Xét hai tam giac DIF va DEI co:
% :% va IDF = EDI suy ra tam giac DIF ddng dang vai tam giac DEI
Suyra E =£ < ID.IE=IF.DE.
IE DE
¢) Ap dung dinh li Ptolemy cho ttr giac ABDC ta duoc:
AB.DC +AC.DB=AD.BC < (AB + AC).DB = AD.BC

< 3.BC.ID=ADBC <3.ID=AD < IA=2.1D

Goi P 1a trung diém cia doan thang Al, suy ra MP = AP =Pl = ID :%AI — | 1a trung diém cua

PD. Mat khac | 1a trung diém HM suy ra t: giac MPHD & hinh binh hanh= MP = DH .

T d6 suy ra DH = MP = DI (5).

Chtrng minh tuong tu ta dugc DK = DI (6).

Mt khéc theo két qua phan a ta dwoc DB = DC = DI (7).

T (5), (6), (7) ta duwgc DB = DC = DH = DK = DI suyraB, C, H, K, I cung thugc duong tron tam
D.

Do B, C, H, K, I cung thugc duong tron tam D nén KBI :%sdﬁ(\, ICH :%sdm.

—

Do IK=1IH = IK=1H =sd K = sd1H.
Tu d6 suy ra KBI = HCI .
Cau 52. (Truong chuyén Ninh Binh nam 2020-2021)

Cho duong tron (T) tam O va day cung AB cé dinh (O ¢ AB). P la diém di dong trén doan
thing AB (P # A,B va P khéc trung diém cila doan thang AB). Buong tron (T,) tam C di qua
diém P tiép xtc véi dudng tron (T) tai A.Duong tron (T,) tim D di qua diém P tiép xtc véi
duong tron (T) tai B. Hai duong tron (T,) va (T,) cat nhau tai N (N #P). Goi (d,) la tiép
tuyén chung cua (T)vei (T,) tai A, (d,) Ia tiép tuyén chung cua (T)vsi (T,) tai B, (d,) cét
(d,) tai diém Q.
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1. Chang minh tr giac AOBQ nai tiép duong tron.

2. Chang minh: ANP = BNP va bén diém O,D,C,N cling nam trén mot duong tron.

3. Chitng minh rang dudng trung tryc caa doan thang ON ludn di qua mot diém cb dinh khi
P di dong trén doan thang AB (P = A, B va P khac trung diém cua doan thang AB).

Léi giai

— oo . Q
a) C6 OAQ =90° (Tinh chat tiép tuyén)
OBQ = 90° (Tinh chét tiép tuyén) .
A, B cung nhin OQ dudi mat goc vudng nén te gisc AOBQ néi tiép (1) .

b) Trong duong tron (T,) co ANP = QAP (= % sd AP)
Trong dudng tron (T,) c6 BNP = QBP (= % sd BP)

Trong dudng tron (T) co @3 = @3 (:%sd AB) —» ANP = BNP

Tacé ANB = ANP + BNP = QAP + QBP =180° — AQB, suy ra NAQB ni tiép(2) .
Tur (1) va (2) suy ra 5 diém O, N, A, Q, B ciing nam trén mot duong tron
— OAN = OBN ( hai goc noi tiép ciing chin ON )

Trong (T,) c6 OCN = 20AN (géc noi tiép va géc & tam ciing chin mot cung).
Trong (T,) c6 ODN = 20BN (géc noi tiép va géc & tam cling chin mot cung).

— OCN = ODN suy ra bén diém O, D, C, N cling nim trén mot dudng tron.
¢) Theo c4c y trén suy ra 5 diém O, N, A, Q, B cling ndm trén dudng tron duong kinh OQ
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Goi E 1a trung diém OQ; do O,Q cb dinh suy ra E ¢6 dinh va E 14 tim dudng tron di
di qua cac diém O,N,A,Q,B.

= OE = NE = E thudc duong trung truc cia doan thang ON
Suy ra dudng trung truc caa ON luén di qua diém E cé dinh.
Cau 53. (Truong chuyén tp Ho Chi Minh nam 2020-2021)
Cho tam giac nhon ABC (AB < BC < CA) ndi tiép duong tron (O). Tir A ké duong thing song
song véi BC cat (O) tai A. T B ké duong thang song song véi AC cét (O) tai B,. Tir C ke
dudng thang song song véi AB cit (O) tai C,. Ching minh rang cac duong thang qua A, B,,C,
lan luot vudng goc véi BC,CA, AB dong quy.

Loi giai

Goi H latruc tam AABC.
Ké AK 1a duong kinh cua (O). Suyra AK L AA. Ma AA//BC nén AK L BC.
Do d6 AK//AH .

Goi | 1a diém dbi xtng cua H qua O. Suy ra AHKI 1a hinh binh hanh, suy ra KI//AH .
Ma AH//IAK nén | € AK.

Vay duong thang qua A va vudng goc véi BC diqua I .

Chung minh tuong ty, ta co:

Puong thang qua B, va vudng goc véi AC di qua | .

Puong thang qua C, va vudng goc véi AB di qua | .

Vay cac duong thang qua A, B,,C, lan luot vudng goc véi BC,CA, AB dong quy tai | .
CAu 54. (Truong chuyén tp Ho Chi Minh niam 2020-2021)
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Buong tron (1) ni tiép tam giac ABC tiép xuc véi cac canh AB,BC,CA lan luottai D,E,F . Ké
duong kinh EJ cua duong tron (1). Goi d 1a duong thiang qua A song song véi BC . Buong
thang JD cat d,BC lan luottai L, H .
a) Chang minh: E, F, L thang hang.
b) JA,JF cat BC lan luot tai M, K . Chang minh MH = MK .
Loi giai
N A L

O

H B

V& DE cat AL tai N
) . . [JE LNL(NL//CB)
Xeét tam giac NLE co:
LJ L NE(DJ L NE)
Suyra J latrgc tm tam giac NLE, do d6 NJ L LE.
Lai c6: NDA=BDE =BED = AND = AN = AD .
Ma ANDL vubng tai D nén AN = AD = AL = AN = AL = AF (do AD = AF).
Do d6 ANFL vudng tai F hay NF L LF . Mat khac
NFA=Z FAL = ACB = IEF = JFA=> N,J, F thing hang.
Do dé NJ L LE va NJ LLF.Suyra E,F,L thing hang.
Cach 2: Vi AL/ICE nén LAF =FCE . Hai tam giac ALF,CEF déu can ma c6 cac goc & dinh
bang nhau nén chung ddng dang. Suy ra AFL = CFE, suy ra L, F, E thang hang.
b)
Do AN = AL nén MH = MK (b d¢ hinh thang cho hinh thang NLKH ¢6 NK AHL =1J).
Chatng minh bé dé.

NA _ JA

Taco: {MK M , ma AN = AL (chutng minh cau a))
AL _ A
MH M
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Suyra: MK =MH .
Cau 55. (Truong chuyén Phu Tho nam 2020-2021)

Cho tam giac nhon ABC c6 tryc tm H va noi tiép duong tron (O). Goi P 1a diém nam
trén duong tron ngoai tiép tam giac HBC va nam trong tam giéc ABC, (P = B,C,H). Goi M la
giao diém cua duong thang PBvéi duong tron (O), (M =B); N 1a giao diém cia duong thang
PC véi (0),(N #C). Buong thaing BM cat AC tai E,duong thiang CN cit AB tai F. Puong
tron ngoai tiép tam giac AME va duong tron ngoai tiép tam giac ANF cat nhau tai Q,(Q # A).
a) Chirng minh tir giac AEPF noi tiép.

b) Chung minh M, N,Q thang hang.

¢) Trong truong hop AP la phén giéc cua m, ching minh PQ di qua trung diém cua
doan thang BC .

Loi giai

a) Tacé BHC =180° — BAC,

maBPC = BHC = EPF .Suy ra dugc BAC + EPF =180° nén tir giéc AEPF ngi tiép
b) Tir tir gidc AEPF noi tiép, suy ra BFC + BEC =180°.

Tir c4c tir giac AQFN, AQEM ngi tiép ta c6 MQN = MQA + NQA

— MEA + NFA =180° .Vay 3 diém M,N,Q thing hang.
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Ta co: @zmzmzw
suy ra FQ//BE tuong ty EQ//CF suy ratt gidc EQFP Ia hinh binh hanh.
Vay @N = (jFTD = (jETD = m hay AQ la phéan giac MAN suyra A, P,Q thang hang.

— — —

Goi K = PQ N BC thi KAC = QAC = QME = NMB = PCK .
Tir d6 ta c6: AAKC ~ ACKP hay KC? = KP.KA tuong tw KB? = KP.KA = KB = KC
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	CÁC BÀI TOÁN TỔ HỢP VÀ LOGIC
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	2. Tìm tất cả các cặp số nguyên dương  sao cho  có giá trị là số nguyên.
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	Bất đẳng thức và tìm Cực trị
	Với các số thực  thay đổi thỏa mãn . Tìm giá trị nhỏ nhất của biểu thức  .
	Cho  là các số thực không âm thỏa mãn .
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	1) Cho là các số thực dương thỏa mãn . Tìm giá trị nhỏ nhất của biểu thức  .
	2) Cho  là các số thực dương thỏa mãn . Chứng minh rằng:
	.
	Cho các số thực không âm  thoả mãn điều kiện . Chứng minh:
	Xét hiệu
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	.
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	Cho là các số dương thỏa mãn . Tìm giá trị nhỏ nhất của biểu thức:
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